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We have developed
a model for the representation
of stereo
disparity by a population
of neurons that is based on tuning
curves similar in shape to those measured
physiologically
(Poggio and Fischer, 1977). Signal detection
analysis was
applied to the model to generate
predictions
of depth discrimination
thresholds.
Agreement
between the model and
human psychophysical
data was possible in this model only
when the population
size representing
disparity
in a small
patch of visual field was in the range of about 20-200 units.
Interval encoding
and rate encoding
were found to be inconsistent
with these data. Psychophysical
data on stereo
interpolation
(Westheimer,
1988a) suggest
that there are
short-range
excitatory
and long-range
inhibitory interactions
between
disparity-tuned
units at nearby spatial locations.
We extended
our population
model of disparity
coding at a
single spatial location to include such lateral interactions.
When there was a small disparity
gradient between
stimuli
at 2 locations,
units in the intermediate,
unstimulated
position developed
a pattern of activity corresponding
to the
average of the 2 lateral disparities.
When there was a large
disparity
gradient, units at the intermediate
position developed a pattern of activity corresponding
to an independent
superposition
of the 2 lateral disparities,
so that both disparities were represented
simultaneously.
This mixed population pattern may underlie
the perception
of depth discontinuities
and transparent
surfaces.
Similar
types of
distributed
representations
may be applicable
to other parameters,
such as orientation,
motion, stimulus
size, and
motor coordinates.

Ever since the time of Wheatstone (1838) it has been known
that disparities between imagespresentedto the 2 eyes induce
a strong senstationof depth. Julesz(1960, 1971) hasshownthat
disparity is sufficient in itself, without monocular cues,for stereopsis.Disparity-tuned neurons in visual cortex were first demonstrated by Barlow et al. (1967), Nikara et al. (1968) and
Pettigrew et al. (1968) in cats, and by Hubel and Wiesel(l970)
in monkeys. More recently, Poggioand colleagueshave recorded
extensively within areasV 1 and V2 of macaquevisual cortex
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[seePoggioand Poggio (1984) for a review of thesestudies]. In
this paper we develop a model for the representationof disparity
basedon both the psychophysical and physiological data. Although the focus is on binocular vision, the ideaspresentedhere
generalizeto the neural representation of other parameters.
The psychophysicaldata of central interest involve measurements of the discriminability between different disparities. The
primary physiological data are measurementsof disparity tuning
for neurons in monkey cortex. By requiring theory to be consistent with 2 different sourcesof constraints, the rangeof possible models is greatly restricted. The modeling starts with a
considerationof a population of disparity-tuned units at a single
location of the visual field, and the sensitivity of this population
to small changesin depth, or stereoacuity. Following this, psychophysical data concerning interactions between nearby stimuli at different depths are taken into account by adding lateral
connections between units at different locations. The result is
not a complete model of stereopsis,but only addressesone part
of the problem-the representation of disparity.
Alternative encodings of disparity
There are a number of ways to represent disparity, which can
be placed into 2 broad categories,local representationsor distributed representations.In a local representation, disparity is
unambiguously representedby the activity of a singleneuron.
An example of this is shown in Figure lA, where the value of
disparity is indicated by which neuron fires. For instance, the
vigorous firing of a certain neuron meansthat the disparity is,
say 5.0’, but if someother neuron fires then the disparity is 7.0’,
and so forth. To cover the entire range of disparities there must
be a large number of such narrowly tuned units with minimal
overlap, eachindicating that the stimulus disparity falls within
a particular small interval. This form of local representationis
called interval encoding, and has beenused almost universally
in modelsof stereopsis(Nelson, 1975; Marr and Poggio, 1976;
Mayhew and Frisby, 1981; Pollard et al., 1985; Pradzny, 1985;
Szeliski and Hinton, 1985, amongothers; seeSzeliski, 1986,for
a review of these models).
A problem with interval coding is the needfor many units to
achieve a high degreeof resolution. This was pointed out long
ago by Young (1802) as he argued againstinterval coding and
for population coding in color vision:
As it is almost impossible to conceive each sensitive
point of the retina to contain an infinite number of
particles, each vibrating in perfect unison with every
possiblemodulation, it becomesnecessaryto suppose
the number limited; for instanceto the three principle
colours. . . .
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Figure I. Three methods of encoding disparity. A, Interval coding: A
separate unit is dedicated for each disparity. B, Rate encoding: Disparity
is encoded by the firing rate of a single neuron. C, Population coding:
Disparity is encoded in the pattern of activity in a population having
broad, overlapping disparity tuning curves.

Almost 2 centurieslater, the sameproblem arisesin most modem modelsof depth perception, which postulate an indefinitely
large set of units, each with a high specificity for a particular
disparity.
A secondform of local representation is rate encoding (Fig.
1B). Here, a single unit codes all disparity values by its firing
rate. As disparity increases,the firing rate of the unit increases
monotonically. One model using a rate-coded representationof
depth is Julesz’sdipole model (Julesz, 1971). Another example
is the model of Mat-r and Poggio (1979), which, as illustrated
in their figure 7, hasroughly ramp-shapeddisparity tuning curves
for near and far disparities, indicating that activity is proportional to disparity up to somecut-off value. However, compared
with interval encoding,rate-codingisrarely usedin stereomodels.
The final type of encoding we will consider is a distributed
representation, or population code, which is usedin the model
presentedhere. In this representation, disparity is encoded by
the pattern of activity within a population of neural units, each
broadly tuned to disparity and extensively overlapped with each
other (Fig. 1C’). This is a distributed representationbecausethe
activity of a singleunit is ambiguous,given its broad and nonmonotonic tuning. Rather, the information about disparity is
distributed in the population, and the ambiguity can be resolved
only by examining relative activities within the population. The
most familiar example of this form of encoding occurs in color
vision, in which there are 3 broad, overlapping mechanisms,
each of which alone gives little information about wavelength,
but which jointly allow a precisedetermination of that parameter (seeDiscussion).To our knowledge, the only example of a
distributed representationusedto model binocular phenomena
is that of Vaitkevicius et al. (1984).
Neurophysiological and psychophysical data
Physiological data
The largest body of data on disparity-tuned cells in monkeys
has been collected by Poggio and colleagues,all within Vl and
V2 cortex (Poggio and Fischer, 1977; Poggioand Talbot, 1981;
Poggio, 1984; Poggio et al., 1985, 1988). Since thesedata serve
as the basisof a number of assumptionswithin the modeling,
they will be described in somedetail. As presentedby Poggio
et al., neuronsare groupedinto 3 classesbasedon their disparity
responses,and we shall find it useful to retain this classification.
The 3 groups are (1) “near” neurons, broadly tuned for crossed
disparities, (2) “far” neurons, broadly tuned for uncrosseddisparities, and (3) “tuned” neurons,narrowly tuned for disparities
closeto zero.

The “tuned” neurons can either be “tuned excitatory” or
“tuned inhibitory,” depending on whether they are excited or
inhibited by a restricted range of disparities. They have an averagebandwidth of 0.085”, and peaks that are almost entirely
restricted to the range kO.1”. There are small inhibitory lobes
beyond the central excitation range (or vice versa for tuned
inhibitory cells). “Near” and “far” neurons are mirror images
of each other in the disparity domain but otherwise have the
same properties. “Near” neurons are excited by crosseddisparities and inhibited by uncrosseddisparities, while the opposite holds true for “far” neurons. In both cases,the response
curves have their steepestslopenear zero disparity, as they go
from excitation to inhibition. The excitatory peaksfor “far” and
“near” neurons are on averageat about kO.2” disparity with a
SD of 0.1” (Poggio, 1984).
In adopting this tripartite division, it should not be forgotten
that it is an idealization, convenient for summarizing the data,
but not to be taken too rigidly. Disparity-tuned neuronsexhibit
innumerable idiosyncratic behaviors, which are often difficult
to fit neatly into any classification scheme.LeVay and Voigt
(1988), in their study of disparity tuning in cat visual cortex,
have preferred to emphasize the large number of cells with
intermediate properties, viewing the 3 classesas prototypes at
various points along a continuum. There is nothing in the published data to contradict this perspective. Nevertheless, the 3
classesare convenient reference marks and are now so well
establishedwe will retain them, even though the model does
not require suchdiscrete divisions.
Some recent studieshave focusedon tracing the anatomical
pathways alongwhich high concentrations of disparity-sensitive
cells are found. Such cells appear to be associatedwith what is
called the “magno” pathway, being particularly prominent in
the “thick stripe” cytochrome oxidase-stained regions of V2
(Hubel and Livingstone, 1987), and alsoin the subsequentarea,
MT, to which the thick stripes project (Zeki, 1974; Maunsell
and Van Essen,1983). It is always a problem to decide which
anatomical areas are relevant for relating neurophysiology to
consciousperceptual experiences.All the physiological data underpinning our modeling were collected in areas Vl and V2.
Possiblycells at later stageswould be more appropriate, in particular those of area MT. It happens,however, that the data are
most complete for the early stages.Also, there is no indication
that disparity tuning of cells in MT is qualitatively different
from that in V2 in a way which would affect the classof model
being consideredhere. If, for example, all cells in the perceptually relevant anatomicalareahad narrow disparity tuning with
nothing analogousto the broad “near” and “far” neurons, the
present model would not be applicable.
Psychophysicaldata
We focus first on the disparity discrimination threshold curve,
since the shapeof this curve constrains the manner in which
disparity can be represented within the nervous system. The
disparity discrimination curve plots the smallestdiscriminable
changein disparity asa function of stimulusdisparity (i.e., plots
Ad vs. d). Typically, measuringthis curve involves presenting
2 nearby stimuli with disparities d and d + Ad. The increment
thresholdis the value ofAd for which the subjectseesa difference
75% of the time. Repeating this processfor different disparity
pedestalsd produces the discrimination curve.
The point on this curve with a zero disparity pedestalis the
conventional stereoacuity, which at fixation is typically around

The Journal of Neuroscience,

Disparity

-80

-40

0

Disparity

40

80

(min)

July 1990, fO(7)

Disparity

2283

(min)

Figure 3. Effect of eccentricity on the disparity discrimination
curve.
From Blakemore (1970). a, 0” eccentricity; b. 10” eccentricity. As eccentricity increases, the curve flattens and the vertex moves up. This is
modeled by postulating that the disparity tuning curves become broader
away from fixation.

(min)

Figure 2. Psychophysical disparity discrimination
curve. From Badcock and Schor (1985). The smallest discriminable change in disparity
Ad is plotted as a function of a pedestal disparity d. These data are
used to constrain possible encodings of disparity in the model.

that they crossat somepoint.) The effectsof eccentricity on the
disparity increment threshold curve are also consideredin the
model.

5”. This is smallerby a factor of about 50 than the width of the
narrowestcortical disparity tuning curvesand a factor of 6 smaller
than the width of a photoreceptor. This emphasizesthe point
that the ability to distinguish between different depths is not
simply a matter of switching between cells tuned to different
disparities. Stereoacuity in macaquemonkey is comparableto
that of humans (Sarmiento, 1975).
The disparity threshold Ad increasesrapidly (roughly exponentially) asa function of the disparity pedestald. The minimum
of this curve occurs for a disparity pedestalof zero, at which
point stereoacuity is in the range 2”-10”. When the pedestalis
30’, the increment threshold is typically on the order of 100”.
Figure 2 is an example of such a curve. Disparity increment
threshold curves have beenmeasuredusing a variety of stimuli
with similar results, including line patterns (Ogle, 1952; Blakemore, 1970; Reganand Beverly, 1973; Westheimer, 1979),random-dot stereograms(Schumer and Julesz, 1984), and differenceof Gaussiansstimuli (Badcock and Schor, 1985).
Thesedata indicate that different depthsremain discriminable
far beyond the limit for which stimuli can be binocularly fused
(about 10’). It hasbeenwell known sincethe time of Helmholtz
(1962) that depth can be seenfor diplopic stimuli, an effect
systematically studied by Ogle (1952), Westheimer and Tanzman (1956), and Schor and Wood (1983). The flattening out
of the disparity discrimination curve in Figure 2 may reflect the
qualitatively different condition of “patent stereopsis” under
diplopic conditions. Although suchflattening out is not apparent
in all studies,we have chosento usedata with that characteristic
asthe basisfor our modeling.
A final point concernsthe disparity discrimination curve measured at eccentricities away from fixation. This was studied by
Blakemore (1970) and the results are shown in Figure 3. As
eccentricity increases,the minimum of the curve moves up,
while the slopeof the curve flattens. An interesting consequence
of these2 effectsis that for large values of d, the discrimination
threshold Ad may actually get smaller aseccentricity increases.
(This can be seenby superimposingFigs. 3, a, b, and noting

Modeling depth discrimination
Preliminary remarks
We assumethat the psychophysical discrimination threshold
for disparity is the changein disparity sufficient to causea statistically significant change in the activities of the underlying
neural population. Two factors therefore determine the discrimination threshold: (1) the amount of neural noise and (2) the
steepnessof neural responseas a function of disparity. These 2
factors define a signal-to-noiseratio.
If noise is large, then there must also be a large change in
stimulus to causea significant change in neural activities, and
the opposite holds if the noise is small. Regarding the second
factor, as the tuning curve of a unit becomessteeper,a smaller
change in the parameter is enough to causea given changein
response.Therefore, steepslopescorrespondto fine discriminability. As a corollary to this, a tuning curve makesits greatest
contribution to discrimination when the stimulus is away from
its peak, becausethe slopesare steepeston the sidesof the curve.
[In the analogouscaseof color vision, the psychophysicalwavelength discrimination curve hasa number of peaksand troughs
which can be related to the steep and flat portions of the 3
chromatic tuning curves (Wyszecki and Stiles, 1982).] It is important to emphasize that it is the slopesof the tuning curve
which are important for discrimination, and not tuning curve
bandwidths. This view is supported by measurementsof orientation discrimination in cat visual cortex (Bradley et al., 1987)
where it was found that the stimulus rotation necessaryto producea significant changein firing rate wassmallestat the steepest
portions of the neural orientation tuning curve and largest at
the peak of the curve.
The concept underlying the stereoacuity model is outlined in
Figure 4. It showsa subsetof 2 disparity tuning curves from a
much larger population. (In the actual model, the tuning curve
shapesare somewhatdifferent.) For disparity d,, both units have
a particular response,indicated by the intersectionsof the dotted
line with each of the tuning curves. When a different disparity,
d,, is presentedtheseresponsesboth change,one increasingand
the other decreasing.If the net changeresponsesummed over
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unit arose by a change in stimulus is given by the following
equations. First, the number of SDS separatingthe 2 responses,
d’, is
d’= (R,, - R,,//m.
Given this number, the value of p, is given by the complement
of the cumulative normal distribution function:
p,=l-

--&

s

-1 e-x2/2dx.

(3)

Again, this is the probability that the change in responseof a
single unit arosebecauseof a real change in the environment.
The stimulus, however, is beingsimultaneouslypresentedto the
entire population of N units. Therefore, the discrimination
Disparity
threshold is the joint probability of a significant changein the
activity of the population as a whole. Assuming that noise in
Figure 4. Two schematic
disparitytuningcurvesout of a largerpopunits is uncorrelated (the consequencesof which will be disulation. As stimulusdisparityis changed(for example,from d, to dJ,
the responses
of someunitsgoup andothersdo down,asindicatedby
cussedbelow), the joint probability is
the intersectionof the dashedlineswith the tuningcurves.The changes
N
in activitiesof all units in the populationare combinedto determine
p
=
1
n
(1 - p,).
whetherthe total changeis statisticallysignificantrelativeto the noise
,=I
in theunits.If so,thenthechangein disparityisconsidered
perceptually
discriminable.
(This model doesnot consider probability summation among
units at different spatial positions, since the spatial extent of
all units in the population is significant relative to the noise in
stimuli in stereoacuity tasks is generally restricted.)
the units, then we say that a discriminable changein disparity
We define the discrimination threshold as the changein dishas occurred.
parity which causesp = 0.75. That is, 2 disparities are perceptually distinguishablewhen there is a 0.75 probability that the
Thresholdfor discrimination
difference in neural population activity is not due to chance.
The essentialquestionfaced by the discrimination model is this:
This criterion is arbitrary but follows the custom in psychogiven 2 levels of neural activity, is the difference causedby a
physics for 2 alternative-forced-choice tasks.
real difference in the environment or doesit reflect chanceflucTo generatea point on the disparity discrimination curve, a
tuations in a noisy system?
basedisparity d is selectedand the responsesof all units to that
Assumethat there are N disparity-sensitive units covering a
disparity determined. Then the disparity is slightly incremented,
small patch of visual field, each tuned to a different disparity.
the responsesof the units to the new disparity d + Ad is deterThe noisein the firing of theseunits is assumedto be Gaussian, mined, and the probability that the difference in responsesdid
and their variancesare proportional to meanactivity. The mean
not arise by chance calculated. The increment Ad is increased
responseof a unit i to a stimulus disparity d, is then
until the p = 0.75 criterion is met, and this value of Ad is plotted
on the Ad vs d curve. Repeatingthe processwith different values
R,, =.W,),
(14
of d generatesthe entire curve. A detailed discussionof the
and the variance of the responseis
probabilistic approachto discrimination usedhere can be found
in Green and Swets (1966).
u*,, = kR,,,
Equation 4 combinesprobabilities in a manner that assumes
wheref(d) is the tuning curve function. When a secondstimulus
statistical independence,which is equivalent to assumingthat
with disparity d, is presentedto the unit, it will respond with
noise amongthe units is uncorrelated. To view what effect this
mean activity
assumptionhas on the model’s results, we also generateddisparity discrimination curves assumingthe opposite, that noise
R,z = f(4)
(lb)
in all units wasperfectly correlated. This meansthat, insteadof
assuminga disparity changewasdiscriminablewhen the pooled
and variance
probabilities for the population reached 0.75, we assumedthat
azi2= kR,,.
the changewasdiscriminable when the unit showingthe largest
In the modeling presentedbelow, the proportionality constant
change reached 0.75 by itself. Under this new rule, the shape
of the resulting discrimination curve was essentiallythe same,
k between firing rate variance and mean is set to 1.5. None of
the resultsare sensitive to changesin this parameter by a factor
although the fine structure (small bumps and wiggles)wasmore
of 2. Such a proportionality betweenvariance and mean is suppronounced. However, the curve was shifted upwards, because
ported by recordingsin both cat and monkey visual cortex (Dean,
there is no probability summationbetweenunits in the perfectly
1981; Tolhurst et al., 1981, 1983; Bradley et al., 1987), with
correlated case.Decreasingnoiseshifts the discrimination curve
ratios typically in the range 1.5-2.0.
back down, so there is a trade-off between assumptionsabout
the amount of neural noiseand the amount of noisecorrelation.
Becauseof noise, the samechangein response,from Ri, to
R,2,could have arisen by chancerather than by a difference in
This trade-off favors at best a moderate degreeof correlation,
stimuli. The probability p, that the responsechangeof the ith
given the data on levels of noise cited earlier.
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Model of disparity tuning curves
The first step in applying the model is to assign a mathematical
form to the disparity tuning curves. We do not attempt to describe how these disparity-tuned properties are synthesized from
monocular units. Furthermore, no attempt is made to describe
the matching process between images to the 2 eyes or what
aspects of the images may act as tokens during matching.
Following the classification of Poggio (1984) model tuning
curves are divided into 3 classes: near, far, and tuned. The
equation for the response of a “tuned” unit is
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which is illustrated in Figure 5b. This is the difference of 2
Gaussian curves, one broader than the other, whose peaks are
at the same position. Although tuned-inhibitory units are also
observed experimentally, only tuned-excitatory units are used
in the model because it is the magnitude of change and not its
polarity that is relevant when determining discriminability. For
the purposes of this model, therefore, both types of tuned units
are equivalent. The equation for a “near” unit is
R = l.l3(exp[-(d
- d,,&a2]
- exp[-(d - (d,,, + u))Vcr2 - 1.01)
and the equation for its mirror image, a “far”

-0.5-

(6)
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unit, is

R = l.l3(exp[-(d
- dpeaJ2/u2]
- exp[(d - (d,,, - u))Vu2 - 1.O]).

(7)
Examples of these curves are shown in Figure 5, a, c. The
asymmetries of the “near” and “far” tuning curves result from
shifting the peaks of the 2 Gaussians by an amount c prior to
subtracting them.
All 3 classes of curves have positive and negative lobes, which
indicate modulation around a spontaneous level of activity,
marked by the dashed zero lines in Figure 5. However, when
actually performing calculations, the tuning curves were shifted
up by 0.3 to eliminate negative values and renormalized to have
a peak activity of 1.0.
Calculations of disparity threshold curves
The task now is to find a set of tuning curves that generate a
disparity discrimination curve resembling the psychophysical
data (Fig. 2) within the constraints imposed by the physiology.
We first tried, unsuccessfully, to do this with just 3 tuning curves
(Fig. 6a), one from each class, which were selected with values
of dpeakand u corresponding to average curves described by
Poggio (1984). The resulting discrimination curve (Fig. 6b) was
entirely unsatisfactory.The prominent spikesoccur becausethere
was insufficient overlap between mechanisms.The situation
could be alleviated somewhat by ignoring physiological constraints on tuning bandwidths and choosing a set of 3 curves
giving the smoothestpossiblecurve (that is, expand the width
of the “tuned” mechanismso that its steepestportions coincide
with the peaksof the “near” and “far” mechanisms).Though
better, the resulting discrimination curve was still not satisfactory becauseit hada broad U-shaperather than the sharpV-shape
found experimentally.
Another problem was that the curve in Figure 6b was too
high, not dropping below a discrimination threshold of 70”.
Decreasingthe noise parameter k in Eq. 1 from 1.5 to 0.02
shifted the disparity discrimination curve down (without sig-

Disparity

(min)

Figure 5. Examples of model disparity tuning curves. a, Near unit; b,
“tuned” unit; c, far unit. Their shapes resemble those described by
Poggio (1984). Populations of disparity-tuned units are formed by varying 2 parameters, one defining peak location and the other defining
tuning bandwidth(Eqs.5-7). The modeldoesnot dependon having
these exact shapes, nor does it require them to be split into discrete
classes.

nificant change in shape) to levels indicated by the psychophysics. However, that amount of noise is much lessthan that
measuredphysiologically. Another way to shift the curve down
would be to increase the size of the population, becauseof
probability summation (Eq. 4); i.e., since probability summation is being carried out over more units, a smaller difference
in disparity leadsto a statistically significantchangein the pooled
activity. This argument suggeststhat there must be more than
3 units engagedin encoding disparity at a particular location in
the visual field. Furthermore, the additional units should have
a range of different tuning curves to deal with problems in the
discrimination curve shapediscussedin the previous paragraph.
The next step was to add additional tuning curves to the
population. After various attempts, we found the following rule:
make the bandwidth of each tuning curve proportional to the
disparity of the tuning curve peak. This always placedthe steep-
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Figure 6. a, A population of 3 tuning
curves for encoding disparity. These
roughly match the average characteristics of near, far, and tuned units described by Poggio (1984). We were unable to model disparity discrimination
curves with this population, or any other population of 3 units. b, Disparity
discrimination curve produced by the
population of units in a (which should
be compared to the data in Fig. 2). The
spiky appearance occurs because of insufficient overlap between tuning curves.
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of the near and far tuning curves near zero disparity,
producing fine discrimination at that point.
The smoothnessof the discrimination curve improved as
more tuning curves were added, and we achieved a satisfactory
result with a minimum of 17 mechanisms(Fig. 7~2,parameters
in Table 1). The resulting discrimination curve is shown in
Figure 7b. It is interesting to note that the fine stereoacuity at
zero disparity is produced not by the narrow “tuned” mechanisms, but by the “near” and “far” mechanismswhich have a
confluence of their steep portions at zero. Although “tuned”
mechanismsalso had steep slopes,they were not concentrated
at any one disparity.
The discrimination curve in Figure 7b flattens to a shallower
slope at a disparity of about 20’. The degreeof flattening can
be increasedin the model by moving the peaks of the most
distal near and far units out to higher disparities. Also, the
flattened portion of the curve does not continue beyond the
boundsof the graph in Figure 7b. Rather, at a pedestaldisparity
of about loo’, the curve abruptly turns upward and climbs almost vertically, as disparity falls along the shallow tail of the
last tuning curve. This meansthat, under this model, there is a
limit beyond which disparity is not discriminable by stereoscopicmechanisms.
No special significance should be placed on the number of
mechanismswe used, 17. Rather, we wish to emphasize the
more qualitative point that 3 mechanismsis insufficient, and

Disparity (min)

offer 17 as a rough estimate of the minimum size of the population encoding disparity. In addition, no claim is made that
the tuning curves presentedhere are unique. For example, good
discrimination curves can be generatedusing simple Gaussian
tuning curves without the inhibitory lobes, which are only included to be consistent with the physiology.
More tuning curves can be used, however. Figure 8b shows
a discrimination curve generatedby a population of 200 units
(Fig. 8a), whose peaks were chosenat random with a normal
distribution around the “prototypical” tuning curves shown in
Figure 6a. As before, each tuning curve has its bandwidth proportional to its peak location, and the noise parameter k in Eq.
1 is set to 1.5. The 3 classesof tuning curves were in the ratio
1:2:1 in order to more closely correspond to Poggio’s(1984)
observation that “tuned” units are most numerous.
The curve generatedby 200 units retains the sameshapeas
that produced by 17 units but is shifted down becauseof increasedprobability summation in the larger population. Its vertex was at about 1.0” (Fig. 8b), slightly below the best experimental values. It would not be possibleto have more than about
200 units without pushing stereoacuity to unrealistically low
levels. Under this model, therefore, there is a lower limit of
roughly 20 units and an upper limit of roughly 200 units involved in the output representation of disparity at a particular
position in the visual field. This does not include additional
binocular units participating in various underlying circuits; these

est portion

b. Disparity discrimination curve

a. Disparity tuning curves
Figure 7. a, The smallest population
(17 units) judged sufficient to give an
adequate representation ofthe data. Parameter values are given in Table 1.
Tuning curve width increased with peak
location, so that the steepest portions
of the near and far curves all fall near
zero disparity. Since discriminability
depends on tuning curve slope, this organization produced highest discriminability at zero. This population gives
a rough indication of the minimum size
needed to encode disparity. b, Disparity
discrimination curve produced by the
population in a (which should be compared to data in Fig. 2).
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bounds refer only to the final output that can be assayed by
perceptual reports.
Although the model with 200 units appears more unwieldy
than that with 17 units, it offers the compensating advantage of
greater robustness. The 17-unit model required careful fine tuning of the set of tuning curves to produce a reasonably smooth
discrimination curve (although small wiggles remain visible).
With the 200-unit model, equivalent results were obtained just
by picking them at random. So the first advantage of having
representation mediated by a large population is a tolerance for
sloppy construction. A second advantage is that a large output
set allows the loss of units without major degradation in performance. Overall, then, having many units in the output representation trades parsimony for robustness. Nevertheless, we
retained the model with 17 mechanisms for computational convenience and ease in interpreting the results. All subsequent
results in this paper are based on that model.

Effect of eccentricity on the shape of the discrimination

curve

In Blakemore’s (1970) data (Fig. 3), the discrimination curves
became shallower when measured away from fixation. We modeled this by scaling the 17 tuning curves to have broader widths
and have their peaks extend over a greater range. This was done
by multiplying the parameters in Table 1 (both dFal, and a) by
a single constant. Figure 9a shows the 17 tuning curves after
multiplication by 3.0, and Figure 9b shows the resulting disparity discrimination curve. Compared to the original curve in
Figure 7b, the minimum of the curve has increased and the
slopes of the curve have decreased. These are the same effects
seen in Blakemore’s (1970) data. It can also be seen that the
fine-scale bumps are more prominent in Figure 9b than in Figure
7b, the result of a coarser sampling density of tuning curves.
They would diminish upon addition of additional curves to the
population, and in any case are still below the resolution of the
data.
The model therefore predicts that when disparity-tuning is
measured for cortical cells away from the fovea1 projection, they
will be broader and have more scattered peaks than the more
centrally located cells. Furthermore, the model predicts that the
formula describing the mean disparity-tuning bandwidth ofneurons as a function of eccentricity will be the same as the formula
describing psychophysical stereoacuity as a function of eccentricity (even though it is the slope and not the bandwidth of
tuning curves that directly determines stereoacuity). That is, if

(min)

Figure 8. a, Population of 200
parity tuning curves. A population
this size is roughly the maximum
lowed by the model. b, Disparity
crimination
curve produced by
population in a.

disof
aldisthe

one is logarithmic, then the other will alsobe logarithmic, or if
one is linear, then the other will also be linear, etc.

Predictions of interval and rate codes
A distributed representation for encoding disparity has been
constructed that is consistent with physiological and psychophysical data. Can modelsbasedon interval encoding (Fig. 1A)
or rate encoding (Fig. 1B) also account for thesedata?
Most models of stereopsisare based on interval encoding.
The disparity tuning curves usedby Marr and Poggio(1976) as
well as many others are Dirac 6 functions, which are “spike”shapedcurves of unit area that are “infinitely” narrow but “infinitely” high. For the sakeof physical plausibility, we broaden
thesetuning curves to a narrow but appreciablewidth (Fig. lOa),
usingGaussianswith slight overlap. The resultingdisparity discrimination curve (Fig. lob) does not resemblethe data. The
problems are first, insufficient overlap between mechanisms,
leading to the “spiky” appearanceof the curve at the fine level,

Table 1. Parameter values for the disparity tuning curves in Figure
7a, as defined by Eqs. 5-7

d

Tuning
curve

Type

(E min)

[arc min)

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17

Near
Near
Near
Near
Near
Near
Tuned
Tuned
Tuned
Tuned
Tuned
Far
Far
Far
Far
Far
Far

-0.540
-0.380
-0.270
-0.180
-0.130
-0.100
-0.075
-0.038
0.000
0.038
0.075
0.100
0.130
0.180
0.270
0.380
0.540

0.900
0.650
0.450
0.320
0.180
0.110
0.075
0.064
0.062
0.064
0.075
0.110
0.180
0.320
0.450
0.650
0.900

The tuning curves in Figure 9~2,for an eccentricity away from fixation,
by multiplying
both dpakand CJin this table by 3.0.

are obtained
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b. Disparity discrimination curve

Figure 9. a, Populationof disparity

tuningcurvesusedto modeldisparity
discriminationat eccentricitiesaway
from fixation (Fig. 3). This is the same
asthe setshownin Figure7a, except
that thetuningcurveshavebeenbroadenedand the peaksextendedover a
wider range.b, Disparity discrimination curve producedby the population
in a. Comparedto the curve in Figure
lb, this curve hasits vertex shiftedup
and its sidesat a moreshallowslope.
Thesewerethe sameeffectsseenin the
dataof Figure3 aseccentricitywasincreased.
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and second, uniform widths in their tuning, leading to the essentialflatnessof the curve at the grosslevel. Theseare problems
independent of the exact shapeof the tuning curves. The only
way to overcome both thesedifficulties is to broaden the tuning
curves to overlap more, in effect turning the interval code into
a population code. We conclude that representingdisparity with
an interval code is inconsistent with the psychophysical data.
Rate encoding, on the other hand, could account for the psychophysical data very well. The disparity responsecurve in
Figure 1B has a steepslope near zero disparity, leading to fine
discriminability, and flattens out for larger disparity values(both
positive and negative), where discriminability is poor. With the
appropriate flattening function, a V-shapeddiscrimination curve
can be generated.Rate encoding offers the most parsimonious
accounting for the psychophysicaldisparity discrimination data
consideredin isolation. Unfortunately, there is no evidence for
neuronshaving suchmonotonic disparity responses,
sothis mode
of encoding must be rejected.
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a. Disparity tuning curves
curves implementingan interval encodingscheme(Fig. lA), suchasused
by Marr andPoggio(1976).The shapes
of the curvesarenot important,but the
lack of overlapbetweenthemis a critical aspectof interval encoding.b, Disparity discriminationcurve produced
by the populationin a. The spikiness
of the curvewouldoccurfor anyinterval encodingscheme,sinceit results
from thelackof overlapbetweentuning
curves.(The spikeat zero disparity is
smallerbecause
it marksthesplicepoint
wherethe task shiftsfrom finding the
leastdiscriminable
disparitydecrement
to the leastdiscriminableincrement.)

-40

Preliminary remarks
In random-dot stereograms,the surface of the square floating
in depth appearssolid, even though the dots may be quite sparse
and most of the stereogramis blank. Smooth surfacesare perceived even for complex shapes,which may be inclined or curved
in depth. This suggeststhat when a stereogramdot is matched,
it influencesthe perceived depth of neighboring blank locations.
Rather than deal with something as complex as a randomdot stereogram,interpolation canbe studied in its simplestform:
the mutual warping in depth at just 2 nearby spatial locations.
Such psychophysicalexperimentshave beendone by Westheimer (1986a) [seealsoWestheimer (1986b), as well as Westheimer and Levi (1987)]. During these experiments (Fig. 1l), the
disparities of 2 lateral lines (labeled A) were set to a seriesof
values by the experimenter. The disparities of 2 nearby inner
lines (labeled B) were kept at zero. The basic observation was
that the presenceof depth at A warped the perceived depth at
B to nonzero values. The amount of warping wasquantified by
having the subject adjust the disparity of the middle line to
produce the sameapparent depth as the lines at B.
The effect of the lines at A upon those at B dependedupon
their lateral separations.For small separations,lessthan about
2’-8’ dependingon subject and stimulus, moving the lines at A
in depth draggedthe perceived depth of B in the samedirection.
As the separationincreased,this attractive interaction decreased

Depth interpolation
Thus far we have modeled the representation of disparity at a
single small patch of visual field. In this section the model is
extended to include interactions betweennearby patches,which
requires the units to influence each other through a network.
This extension of the model will be basedupon psychophysical
data concerning depth interpolation.

Figure 10. a, A populationof tuning
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Figure Il. Schematic of the setup used by Westheimer (1986a) to
measure lateral interactions between nearby stimuli at different depths.
The circlesrepresent lines seen by the observer. When the outer lines
A were moved in depth, the apparent depth of the nearby lines B were
dragged along with them, although the physical disparities of B remained
unchanged. For small spatial separations between A and B, B was dragged
in the same direction as A (attraction), and for larger separations, B was
repulsed. The central line was used to monitor the apparent depth at B.

and then reversed so that the 2 lines appeared to repel each
other. That is, as the lines at A moved back in depth, the lines
at B appearedto move forward. This repulsive effect extended
over a much broader spatial range than the attractive effect.
Repulsion was still evident at the maximum lateral separation
tested, 12’.
Network model: qualitative aspects
The opponent spatial organization of depth attraction and repulsion in Westheimer’spsychophysicaldata immediately suggestsan old idea in neuroscience:short-range excitation and
long-range inhibition between neurons (Ratliff, 1965). That is
what our model will implement.
Assumethat the entire population of 17 disparity-tuned units
usedpreviously (Fig. 7a) is replicated at each spatial location.
A unit at one location interacts with units at neighboring locations to form a network. Assumefurther that a unit interacts
only with other units (at different locations) tuned to the same
disparity, as indicated in Figure 12. If units tuned to the same
disparity are spatially close, there is mutual excitation, but if
they are farther apart, there is inhibition. The modeling ofspatial
interactions is only concernedwith mean activities, so that the
noise discussedin the discrimination modeling is no longer a
factor.
Before proceeding, several points should be made about the
network. First, it is worth emphasizing that no strong significance is placed on having exactly 17 mechanisms.This is just
a minimum number that produced reasonableresults in the
discrimination modeling, and it is convenient to work with a
minimal model. Second, although the model treats excitation
asoccurring betweenclosely spacedunits, other interpretations
are possible.Alternatively, it may reflect stimulus summation
within a single unit rather than mutual excitation between 2

Tuning

curve

l

0

l

l

l

l

17

Figure 12. Model configuration for producing depth attraction and
repulsion. Disparity at each position was represented by a population
of 17 disparity-tuned units (Fig. 74. There were lateral interactions
between units at A and B tuned to the same disparity, which were
excitatory if the separation between the 2 was small, and inhibitory if
the separation was larger. There were no interactions between units at
a single position.

units. Third, the assumptionthat only units tuned to the same
disparity interact may be more restrictive than needed.There
could also be weaker interactions with units tuned to other
disparities,which taper offwith increasingdifferencein disparity
tuning. Fourth, we assumethat no interactions occur within the
set of disparity-tuned mechanismslocated at a singlelocation.
In the future it may be necessaryto add such connections as
the model is applied to other binocular phenomena.
Finally, when we say that there is a representationof disparity
at each spatialposition, we must be more preciseabout the term
“position.”

Each encoding

population

represents

disparity

for

somepatch of visual field. For presentpurposes,the sizeof these
patchesmay be consideredthe areasubservedby a singlecortical
column, but this is an empirical question, and in any casespatial
scaledoesnot affect the formal structure of the model. Similarly,
the scaleof the lateral interactions is alsoan empirical question.
Therefore, units are describedasbeing “close together” or “far
apart,” and the specific values are left for experimental investigation, although the psychophysical data suggestsinteractions
confined to a radius of about a quarter to a third of a degree.
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Depth attraction
ii. Population activity patterns
with lateral interactions

i. Population activity patterns
no lateral interactions
Figure 13. Activity diagrams, showing the patterns of activity when the
population of 17 units (Fig. 7~) was presented with different disparities. The
height of each line indicates a unit’s response. The position of a line along the
disparity axis indicates the value of the
tuning curve peak for that unit. Each
disparity produced a unique pattern of
activity, which can be thought of as a
representational spectrum. The 2 lefthandpanels
show activity patterns when
there were no lateral interactions, such
as when a single disparity stimulus is
presented in isolation. ai, Response to
a disparity of 0.00’. bi, Response to a
disparity of 3.00’. The 2 right-hand
panelsshow new activity patterns arising when 2 disparity stimuli were presented simultaneously at nearby positions, with excitatory interactions
between positions. aii, New pattern in
response to O.OO’, which should be
compared to ai. bii, New pattern in response to 3.00’, which should be compared to bi.
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Network model: quantitative aspects
The modeling
of depth attraction and repulsion is based on
interactions
between units at just 2 spatial positions, A and B
(Fig. 12). The following matrix equation defines these interactions for the ith mechanismof the 17:

Mechanism i: i = 1, 17,

(8)

where I+(d,) is the responsethat the ith mechanismat position
A hasto disparity d, in the absenceof lateral interactions, R(d,)
representsthe sameat position B, and finally r,.,land rBi are the
activities when lateral interactions are included. The parameters
ka, and kLA are synaptic weights between units at A and B. A
positive

value indicates

excitation,

and a negative one indicates

inhibition. For all simulations, connection strengthswere setto
either kO.5.
Given knowledge of R’(d,J and R’(d,), found by looking at
the disparity tuning curve for the ith mechanism(Fig. 7a), Eq.
8 is easily solvable. The processis repeated for all 17 tuning
curves. In this manner, the lateral spatialinteractions transform
an initial pattern of activity at eachposition into a new pattern.
All calculationsare made with spontaneousactivity normalized
to zero. If, following consideration of lateral interactions, any
activities are greater than 1.O, the population is normalized so
that no activities exceed that maximum.

Interpretation

/ ,,,I,/,,,

of the population code
The responsesof a neural population can be shown in an “activity diagram,” such as the ones in Figure 13. In an activity
diagram, the responseof each of the 17 units at a particular
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position is indicated by the height of a line. The height may be
positive or negative, relative to spontaneousactivity. The line
is at a position along the horizontal axis correspondingto the
peak of the tuning curve for the unit in question. That is, the
horizontal positions of the 17 lines correspond to the peaksof
the 17 tuning curves in Figure 7a.
Each disparity resulted in a unique pattern of activity. For
example, a disparity of 0.00’ at position A, without any stimulus
at B, resulted in the pattern shown in Figure 13ai. A disparity
of 3.00’ at position B, in the absenceof any stimulus at A,
produced the pattern shown in Figure 13bi. Presenting both
simultaneously,0.00’ at A and 3.00’ at B, resultedin the patterns
of activity shown in Figure 13aii, bii, respectively. These patterns differed from the original onesbecauseof lateral interactions. For this example, the synaptic weightsk in Eq. 8 were set
to +0.5, indicating mutual excitation between the 2 positions.
What disparities do the new patterns of activity in Figure
13aii, bii represent?There are a number of solutions to the
problem of interpreting a pattern of activity in a neural population. One is to assignan interpretation based on the most
active unit. This might work in an interval encoding scheme
but is incompatible with the sort of population coding found
necessaryto explain the depth discrimination data. Another is
to assignan interpretation basedon some “center of gravity”
calculation within the population, in which a weighed average
is taken of tuning curve peaksrelative to their activities. However, this method assignsa unique depth to each point and
would run into trouble when we consider transparent surfaces
below. The method we shalluseconsidersthe pattern of activity
in a population as forming a “representational spectrum” irreducible to anything simpler and assignsan interpretation to
the pattern by a template matching technique describedbelow.
The template matching works asfollows. First, for every possible disparity a canonical activity pattern is established.This
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Figure 14. Root meansquare(RMS) error curvesusedto assignan
interpretationto the newpatternsof activity in Figure13aii, bii. The

RMSdifferencebetweenthe newpatternandall possible
canonical(i.e.,
unperturbed)patternsis calculatedand plotted. The new pattern is
assigned
the disparityof the best-fitcanonicalpattern,indicatedby the
minimumof the RMS curve. a, RMS curve for the patternshownin
Figure13aii. The minimumoccursat 1.OO’,andthe patternin Figure
13aii isinterpretedasrepresenting
that disparity.The vertical line shows
the physicalstimulusdisparity(that of Fig. 13ai, 0.00’).Thus,lateral
interactionshave shiftedthe apparentdisparityat this locationfrom
0.00’to 1.00’.b, The RMS curve for the patternin Figure 13bii. The
minimumRMS error occursat an apparentdisparity of 2.16’. The
vertical line showsthe physicalstimulusdisparity (that of Fig. 13bi,
3.00’).
canonical pattern is simply the pattern produced in the population when a disparity is presentedin the absenceof any perturbing lateral influences.Figure 13ai, bi are canonical patterns
for disparities 0.00’ and 3.00’, for example, becausethey are
the responsesto a single disparity stimulus without any lateral
interactions. On the other hand, Figure 13aii, bii are not canonical patterns for any disparity becausethoseprecisepatterns
cannot be generatedby any singledisparity stimulus in isolation
sincethey are affected by lateral perturbations.
Under template matching, an arbitrary activity pattern is assigneda disparity by finding which canonical pattern matches
it best. A variety of matching rules can be used.We have chosen
to minimize the root-mean-square (RMS) error between the
arbitrary patterns and the canonical patterns, with the RMS
error determined for the population as a whole. This matching
procedureisjust a formalism of the model, and we do not expect
that it literally occursin the brain; there is, ofcourse, no evidence
for neural circuits calculating RMS errors. It is intended to

showthe originaldisparitieswheneachof the 2 stimuliwaspresented
individually (Fig. 13ai, bi). White dots showthe new,apparentdisparities(Fig. 13aii, bii, asinterpretedby Fig. 14,a, b), arisingfrom interactionsbetweensimultaneously
presentedstimuli. The excitatory interactionsproducedan apparentattractionbetweenthe disparities.b,
Summaryof resultswhenthe procedures
shownin Figures13and 14
werecarriedoutwith inhibitory interactionsratherthanexcitatoryones.
In this case,the disparitiesshowan apparentrepulsion.
mirror the results of the pattern interpretation processin the
brain, and not the actual processitself.
Depth attraction and repulsion between2 locations
The template method will be applied to determinethe disparities
representedby the 2 activity patterns shown on the right in
Figure 13. For Figure 13aii, the RMS error betweenthat pattern
and all possiblecanonical patterns is calculated, and plotted in
Figure 14~. The minimum of this graph indicates that Figure
13aii most closely matchesthe canonical pattern for 1.OO’.We
say, then, that the neural activity shown in Figure 13aii representsthe disparity 1.OO’and is responsiblefor producing the
sensationof that depth. Followingthe sameprocedurefor Figure
13bii (with RMS errors plotted in Fig. 14b), that pattern is
interpreted as representingthe disparity 2.10’.
The results in Figures 13 and 14 are summarized in Figure
15~. It showsthat mutual excitation between2 positions causes
an “attractive” effect in the apparent disparities at both positions. At position A, the disparity has shifted up from 0.00’ to
1.OO’,and at position B, it hasshifted down from 3.00’ to 2.10’.
On the other hand, if the interactions are inhibitory, then there
is a “repulsive” effect, as shown in Figure 15b. (The activity
diagramsand RMS curves for the inhibitory casearenot shown.)
In the psychophysicalexperimentsdescribedearlier, Westheimer (1986a) found depth attraction between 2 stimuli when
they were spatially closeand repulsion when they were further
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16.
Stereo interpolation data (black dots) from Westheimer
(1986a) based on the experimental setup in Figure 11. The apparent
shift in disparity at B is shown as a function of a real shift in the disparity
at A. This line shows predictions of the model.

Figure

apart. These effects are duplicated in the model by using excitatory connections to produce the short-range depth attraction
or inhibitory connections to produce the longer-range depth
repulsion.
Another aspect of Westheimer’s data can be compared with
our model. Referring again to the experimental setup in Figure
11, as the lines at A are moved in depth they drag the apparent
depth of the nearby lines at B along with them. Figure 16 shows
the apparent shift in depth at B as a function of the shift in real
depth at A, for a fixed lateral separation between A and B. The
result of the model is superimposed on the data points (synaptic
weights k = 0.5 in Eq. 8). The model predicts that if data were
collected for larger disparities, the curve would fold over. Changing the synaptic weights k changes the slope of the central straight
portion of the curve but does not change the position where it
folds.

Interpolation

.
.
.

.
.
.

Tuning

Curve

.
.
.

17

17.
Model for depth interpolation, analogous to Figure 12. A
population of 17 units was used at each position to represent disparity.
The pattern of activity impressed at the middle location, which received
no stimulus, was due to the spread of activity from the 2 lateral positions,
as might occur in the blank regions of a sparse random-dot stereogram.

Figure

through a blank space

In this section, the model is expanded to 3 locations, but with
disparity stimuli present at only the 2 lateral locations. In the
new situation (Fig. 17), there is a complete set of 17 mechanisms
at each of 3 positions, A, B, and C, but there is no stimulus at
the middle one. (Note that “no stimulus” is different from a
stimulus of zero disparity.) This is similar to a random-dot
stereogram in which a large fraction of the space is blank, yet
a solid surface is perceived. What pattern of activity is induced
in the blank position B by the lateral spread of activity from
positions A and C? The answer depends on the disparity gradient
between A and C. [Disparity gradient is defined as Ad/Ax, where
Ad is the disparity difference between 2 positions and Ax is the
difference in the positions themselves (Burt and Julesz, 1980).]
The equation for interactions between populations at the 3
positions is analogous to that given earlier for 2 positions (Eq.
8). Here, there is a 3 x 3 synaptic weight matrix:

units further apart, though this may not be true in general. For
the simulations described below, the k’s were all set to 0.5.
First consider stimuli with a small disparity difference between positions A and C (-3.00’ and +3.00’, respectively).
Figure 18ai shows the response to the stimulus at A when presented by itself, and Figure 18ci shows the response to the stimulus at C when presented by itself. Figure 18bi is blank because
there is no stimulus there. When stimuli at A and C are presented
simultaneously, new patterns of activity arose because of lateral
interactions. The new pattern at A is shown in Figure 18aii and
at C in Figure l&ii. Now, however, a pattern of activity also
arose in the middle position B (Fig. 18bii). Disparities were
assigned to these patterns using the same RMS error-minimization procedure described earlier. The relevant RMS error
curves are shown in Figure 19, a-c, and the minima of these
curves indicate the disparities assigned to the patterns in Figure

18aii-cii.
[$J

2:

~~;l[~]=~.~]

Mechanism i: i = 1, 17.

(9)

In this case, the synaptic weight matrix contains connections
only between closest neighbors, with weights k set to zero for

As a consequence of indirect interaction through the middle
position B, the disparity at A had shifted up from -3.00’ to
2.66’, and the disparity at C had shifted down from +3.00’ to
+2.66’. The pattern of activity that forms at the middle point
B represented O.OO’,the average of the 2 lateral disparities. These
results are summarized in Figure 22a. We have not investigated
if the interpolation for small disparity differences is always lin-
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Depth discontinuities and transparent surfaces
A very different result occurred when there was a large disparity
difference between positions A and C (-6.00’
and +6.00’, respectively). Figure 20 shows the patterns arising when the stimuli were presented alone (Fig. 20ai-ci), and simultaneously(Fig.

20aikii).

Disparities for the new patterns arising at positions A and C were assigned,as before, to the disparity corresponding to the minima of the RMS error curves (Fig. 21a,
c). For the middle position, on the other hand, the RMS curve
is different from anything seenbefore: there is a double dip (Fig.
21b). This means that the pattern of activity formed in the
middle position (Fig. 20bii) can correspond equally well to 2
different disparities. Such a double dip always occurred when
the disparity difference presentedto the network wassufficiently
large (as will be quantified below), but only if the connection
strengthswere positive. Inhibitory interactions produced a single dip, no matter how large the disparity difference.
We interpret patterns having a double dip RMS curve as
representing 2 disparities simultaneously at a single position.
This interpretation is indicated in Figure 22b, which summarizes the results just presented. It shows a slight shift in the

Figure 18. Activity diagrams, analogous to Figure 13, for the 3 positions
shown in Figure 17. This example is for
a small difference in disparity between
the 2 lateral positions and excitatory
interactions. The 2 left-hand panels
show unperturbed patterns of activity,
when each stimulus was presented individually. ai, Response to disparity of
-3.00’. bi, No pattern because no stimulus was presented at the middle position. ci, Response to disparity of
+3.00’. The 2 right-hand panels show
new patterns arising when stimuli at different positions are presented simultaneously, due to lateral excitation. aii,
New pattern in response to -3.00’,
which should be compared to ai. bii,
New pattern arising where there was no
previous response. cii, New pattern
arising in response to +3.00’, which
should be compared to ci.

apparent disparities at the lateral positions A and C (shifts of
If-7”, respectively), and 2 simultaneousdisparities at the intermediate position B, which were almost equal to the lateral disparities.
There are 2 circumstancesin which there may be multiple
disparities simultaneously at a singlepoint. The first is a depth
discontinuity in the surfaceof an object, and the secondis when
there is a setof transparent surfaces.What thesesituationshave
in common is that nearby points in the visual field may have
small spatial separations,yet belong to surfacesat radically different depths (that is, have large differences in disparity, and
therefore large disparity gradients). The model suggests
that the
lateral interactions underlying thesemultiple-disparity phenomena are short rangebecausein the model they occurred only for
the short-rangeexcitatory interactions and not the longer-range
inhibitory ones.
The failure of the model to produce linear interpolation when
faced with large disparity gradientsis a desirablefeature. While
it is appropriate to interpolate between sparsedepth tokens on
a smooth surface,it would not be desirableto do so for genuine
discontinuities in the surface. Nor would it be good to join 2
transparent surfaces with an imaginary surface interpolated
transversely between them. The decision whether a population
should be interpreted as a depth discontinuity or a transparent
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Figure 19. RMS curves, analogous to those of Figure 14, used to assign
disparity interpretations to the activity patterns in Figure 18aii-cii. a,
RMS curve for the pattern in Figure 18aii. The RMS minimum assigns
that pattern an apparent disparity of -2.64’, and the vertical line&dicates the physical stimulus disnaritv (that of Fig. 18ai. -3.00’). b.
RMS curve for the pattern in Figure 1&ii. The RMS minimum assigns
it an apparent disparity of 0.00’. There is no vertical line here because
there was no stimulus at this position. c, RMS curve for the pattern in
Figure 18cii. RMS minimum assigns it an apparent disparity of +2.64’.
The vertical line indicates the physical stimulus disparity (that of Fig.
18ci, +3.00’).

surfaceislikely to bemadeat a more globallevel than considered
in this model, for there is little information available locally to
distinguish between the 2 possibilities.
A transition from depth averaging to transparency has been
observed psychophysically by Parker and Yang (1989). They
measuredthe depth percept that resultedwhen random-dot stereogramswere constructed by intermixing dots from 2 depth
planes.For smalldisparity differences,the percept wasofa single
surfaceat the average of the 2 depths, but for large differences,
the percept was that of 2 simultaneousdepths and the appear-

ante of transparency. The disparity difference at the transition
from averaging to transparency increasedas a function of the
mean disparity of the 2 setsof dots. The transition wasgradual,
in which the surfaceappearedroughenedand thickened before
it broke into 2 transparent surfaces.
The transition between averaging and transparency in our
model occursat the disparity differencefor which the RMS error
curve goesfrom one dip (as in Fig. 196) to 2 dips (as in Fig.
2 1b). The following procedure was used to find this disparity.
Starting with equal disparities at A and C, the disparity at A
was decreasedand that at C increasedby an equal amount, so
that mean disparity, (dA + dJ2, remained constant but the
disparity difference, 1d, - dc 1, increased.The smallestdifference producing 2 equal dips was defined as the onset of transparency. It should be pointed out that the single dip doesnot
suddenly break into 2 equal dips, except for the caseof symmetrical modulation about zero mean disparity. Rather, the
second dip starts as a small outpouching which grows as the
disparity difference increases,until both becomeequal. Therefore, our criterion for the appearanceof transparency is the end
point of a gradual transition.
The disparity difference required to produce transparency in
the model increasedrapidly with meandisparity (Fig. 23). This
is also a feature of the data of Parker and Yang (1989). While
the modeling and data curves are qualitatively similar in shape,
the model curve is shifted up by a factor of 4. The reasonfor
this is not known. Changing synaptic weights k in Eq. 9 over a
reasonablerangedoesnot appreciably affect transparency onset
in the model, nor can the differencesbe explained by criterion
differencesin judging the onsetof transparency. One possibility
is that the large, 2-dimensional random-dot patterns used by
Parker and Yang (1989)lead to lower transparency-onsetthresholds than the small, l-dimensional patterns consideredin the
model.
Discussion
We have had 2 goals.The first was to constrain possiblemechanisms of stereopsisby modeling a variety of other binocular
phenomena,in continuation with previous modelson binocular
brightnesssummation (Lehky, 1983)and binocular rivalry (Lehky, 1988). The secondwas to provide a generalframework for
population coding models which may be applicable by analogy
to other neural parametersunrelated to binocular vision.
The central premiseof the model wasthat disparity is encoded
by a population of units having broad, overlappingtuning curves.
In such a distributed representation,the activity of a singleunit
gives only a coarseindication of the stimulus parameter. This
does not mean that precise information is lost, but only that
the information is dispersedover a pattern of activity in the
population. Other ways of representingdisparity were alsoconsidered, namely, interval encoding, in which a separateunit is
dedicated to each small range of disparity, and rate encoding,
in which disparity is proportional to the firing rate of a single
unit. Both of theseschemeswere found to be inconsistent with
the physiological or psychophysical data.
The conceptof distributed representationsarosein nineteenth
century psychophysicswith the idea that color is encoded by
the relative activities in a population of 3 overlapping color
channels.In our model, the parameteris “disparity” rather than
“color,” and more mechanismswere required to explain the
data, but the essenceof the idea is the same.In a similar manner,
it is possibleto apply the concept to many other parameters.
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Examples of this are models incorporating a population code
for the visual representationof stimulus size (Gelb and Wilson,
1983), and for the motor representation of arm movements
(Georgopolouset al., 1986).
Since this model is concernedin part with the representation
of transparent stimuli, it is possiblethat analogousmodels can
be constructed for other transparency phenomenabesidesthose
arising from depth. A specific example involves motion. Adelsonand Movshon (1982) studiedthe percept of 2 superimposed
gratings drifting in different directions and found conditions
under which they “cohered” to form a single drifting plaid, or
alternatively appeared as 2 transparent surfacessliding over
each other, depending on how similar the 2 gratings were in
various respects(speed,spatial frequency, contrast, etc.). This
appears analogousto the transition from depth averaging to
transparency discussedearlier, and perhapsit can beunderstood
in terms of a distributed representation for motion formally
analogousto the one used for disparity here.
Some consequencesof population coding were analyzed by
Hinton et al. (1986) in the context of model neurons allowed
to have only 2 levels of firing, fully on or fully OK This allows
a parameter to be encodedby a set of overlapping, rectangularshapedtuning curves. Using binary-valued units rather than
continuously valued units, as used here, leads to differences
about how limits to discriminability arise. In Hinton’s model,

(min)

Figure 20. Activity diagram for 3 interacting locations (Fig. 17) but with a
large difference in disparities at the 2
lateral positions instead ofthe small difference shown in Figure 18. Left column shows unperturbed patterns of activity. ai, Response to disparity of
-6.00’. bi, No pattern because no stimulus was presented at the middle position. ci, Response to disparity of
+6.00’. Right column shows new patterns arising when stimuli at different
locations were presented simultaneously, with lateral interactions. aii, New
pattern in response to -6.00’, which
should be compared to ai. bii, New pattern arising where there was no previous response. cii, New pattern arising
in response to +6.00’, which should be
compared to ci.

which does not include noise, the accuracy with which information is encoded is determined by the number of rectangular
tuning-curve boundaries crossed as the parameter’s value is
changed.As formulated by Hinton, this is a function of both
the number and widths of the tuning curves. The situation is
very different for a population of continuous-valued units. For
this case, in the absenceof noise a parameter’s value can be
encodedwith infinite precision independent of the number and
widths of the tuning curves. Discriminability in a population of
continuously valued units is limited by the amount of noiseand
the slopesof the tuning curves, and not the widths of the tuning
curves.

Our model leads to the conclusion that the population size
encoding disparity for a small patch of visual field may be as
small as a few tens of units or as large as a few hundred. This
is much larger than the 3 found in color vision, which is the
best establishedexample of population coding. However, the
small size of the color representation may be unusual. Having
a large number of color mechanismsrequires the burden of
maintaining separategenesfor each type of pigment molecule
(Nathans et al., 1986). In contrast, there appearsto be lesscost
in providing a broad rangeof valuesfor other visual parameters,
which may involve gradations in the biophysical or anatomical
characteristics of the underlying neurons. Some of the advantages of building redundancy into a representation by having
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RMS curves used to assign apparent disparities
_ to the activity patterns shown in Figure 20aikii. a, RMS curve tar the pattern
in Figure 20aii. RMS minimum assigns it an apparent disparity of
-5.88’, and the vertical line indicates the physical stimulus disparity
(that of Fig. 20ai. or -6.00’). b, RMS curve for the pattern in Figure
18bii. Because this curve has 2 equal minima, we interpret it as representing 2 disparities simultaneously (-5.66’ and +5.66’). There is no
vertical line here because there was no stimulus at this position. c, RMS
curve for the pattern in Figure 18cii. RMS minimum assigns it an
apparent disparity of +5.88’. The vertical line indicates the physical
stimulus disparity (that of Fig. 18ci, or +6.00’).

large populations were outlined earlier, and it seemsreasonable
that population codesmay in generalbe substantially larger than
that for color. In fact, the low redundancy in color coding may
be the reasonwhy color anomaliesappearto be the most common visual defect of neural origin.
Interpreting population codes
There are several approachesto the problem of deciding what
parameter value a pattern of activity in a population represents.
One approach is what we call the “spectrum” method, usedin

Figure 22. a, Summary of results for a small disparity difference between positions A and C (Figs. 18 and 19). Black and white dots show
disparities in the absence and presence of lateral interactions, respectively. The apparent disparity impressed in the blank middle spot was
the average of the 2 lateral disparities. b, Summary of results for a large
disparity difference between positions A and C (Figs. 20 and 2 1). Black
and white dots show disparities in the absence and the presence of lateral
interactions, respectively. Two disparities are shown at the middle spot
because the RMS curve (Fig. 21b) had 2 equal minima. This situation
may occur for depth discontinuities on a surface or for transparent
surfaces.

this model of disparity and also in color vision. A secondapproach is what we call the “averaging” method, used in the
population code models of Gelb and Wilson (1983) and Georgopolouset al. (1986).
In color vision, the parameter of interest is wavelength, a
l-dimensional variable whose representation exists in a
3-dimensional space.When assigninga color interpretation to
the pattern of activity within this small population, the vector
of 3 activities is not reducedto a singlenumber. There is nothing
simpler than the pattern itself, which forms a characteristic representational“spectrum” for eachwavelength. In the samemanner, our model representsdisparity (another 1-dimensional parameter)in a high (possiblyseveralhundredwimensional space.
In our model, a representational spectrum for disparity (such
as those in Fig. 13) is not reduced to a single number when
attaching an interpretation to it.
In contrast, the “averaging” method reduces the dimensionality of a representation during the interpretation process.
For example, in the model of Gelb and Wilson (1983), a
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population code itself.) If R = P, the population-code model is
using the averaging method, and if R > P, then the model is
using the spectrum method.
Color, the only parameter for which the characteristicsof the
encoding population are well established,clearly usesthe spectrum method. Averaging doesnot work. This doesnot guarantee
that the sameis true for all parameters.If one knows the nature
of the population encoding a particular parameter, it may be
possibleto determine what interpretive method the brain uses
in that instance by examining which stimuli are physically distinct but perceptually indistinguishable. Both the “averaging”
method and the “spectrum” method will yield setsof stimuli
that are indistinguishable,but the setswill be different in each
case.Unfortunately, determining the relevant neural population
posesa serioustechnical challenge.
Consequences
of using a population codefor disparity
The choice of a distributed representation for disparity affects
the structure of any model of stereopsisthat is constructed using
Figure 23. Disparity difference between positions A and C (Fig. 17)
required to produce transparency, as a function of the mean of the 2
it. Consider,for example, the model of Marr and Poggio(1976),
disparities. The criterion for transparency onset was an activity pattern
which is basedon an interval code. In that model, falsematches
impressed at the middle position B that had an RMS curve with 2 equal
are eliminated by using inhibition to shut off all units tuned to
minima, such as that in Figure 2 1b.
the wrong disparities at a given location, a form of winner-takeall circuit. This strategy clearly is not suitablewith a distributed
representation. The goal in a distributed code is to alter the
1-dimensionalparameter(size)is representedin a 4-dimensional relative firing rates to produce a new pattern of activity and not
spaceformed by a population of 4 size-tuned units. However,
to shut off all neurons in a population except one, for a single
to assign an interpretation to the pattern of activity, the
broadly tuned unit provides little information. A generalpoint
4-dimensionalrepresentationis collapseddown to 1 dimension,
to emphasizehere is the interdependencebetweenthe hardware
which is the average of the tuning curve peaksweighted by the
(broad, overlapping units vs. narrow, nonoverlapping ones)and
activity level for eachcomponent (following a method suggested the algorithm usedin a given computation.
by Georgeson, 1980).
Interpolation is another example where the choice of repreGeorgopolouset al. (1986) alsousedthe “averaging” method,
sentation affects how subsequentcomputational problems are
although in this casethe parameter of interest, the direction of
approached. Depth interpolation haspreviously been modeled
arm movement, is 3-dimensional. Their representation of
by Grimson (1982) and Terzopolous (1988) using interval enmovement is a 672-dimensionalspace,basedon 224 directioncoding of depth. In their models,splinefunctions are fit through
selective units in their samplemultiplied by 3 direction paramthe blank regionsbetweenthe surfacetokens usedin the stereo
eters measuredfor each cell. The pattern of activity in this
matching process.This procedureinterpolatessmoothly through
population was interpreted by collapsingthe high-dimensional
points on a continuous surfacebut alsointerpolatesthrough real
representationalspacedown to 3 by calculating a weighted sum
depth discontinuities, giving sharp breaks the appearanceof
of tuning curve peaks(which for present purposesis the same being shrouded.Thesemodelsdeal with the problem by adding
as calculating a weighted average). Their interpretation of popseparatemechanismsthat recognize discontinuities and attenulation activity is based entirely on this sum, and not on any
uate the interpolation processaccordingly (Koch et al., 1986).
particular spectrum of activity within that population. Indeed,
In our model, interpolation dependson the disparity gradient
that second option was not available to Georgopolous et al.
in a manner such that this adjustment falls out automatically
(1986) given the technical difficulties of simultaneously moniwithout any shift in parametersor any additional mechanisms.
toring populations of neurons.
Quantitative studies of binocular depth interpolation have
The “averaging” method would not have been suitable for
beenconducted by Collett (1985), aswell asWurger and Landy
the model presentedhere becausethat method must assigna
(1989), using random-dot stereograms.In both studies,a monsingledisparity for eachpattern of activity. We required a methocular region wasbounded on eachsideby frontoparallel planes
od that could assignmultiple valuesto a singlepattern, in order
at different depths.The apparent depth in the monocular region
to handle transparent surfacesand discontinuities. For this purwas monitored by matching it with a small probe. The interpose, the higher dimensionality inherent in assigningmeaning
polation wasfound to be very closeto linear. This is consistent
through an activity spectrum was more suitable. High-dimenwith the model behavior for smalldisparity gradients(Fig. 22a),
sional representationsare also more suitable for multiplexing
and indeed their data were collected for small depth differences
several parameters(depth, color, motion, etc.) in a singlepop(25”-30”) and large lateral separationsof several degrees.They
ulation.
did not collect data for large disparity gradients, under which
The above distinction between the spectrum and averaging
we would predict that linear interpolation breaksdown in favor
methods can be generalized. Define P as the dimensionality of
of a step function (Fig. 22b). It is interesting, however, that
the parameter of interest and R as the dimensionality of the
Collett (1985) found a step-function interpolation when the small
number usedto assignan interpretation to the population repdisparity difference was augmented by other differences, such
resenting the parameter. (R is not the dimensionality of the
as dot density or motion.
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Other data related to depth interpolation come from Mitchison and McKee (1985, 1987a, b), and related work by McKee
and Mitchison (1988). They studied stereograms composed of
rows of dots. When dot spacing was small (< 6’), the perceived
depths for the middle dots did not match any possible physical
disparity in the stimulus, but rather were determined by a linear
interpolation of the disparities at the end points of the rows.
The predominant influence of the end points probably reflects
some aspect of the matching process during stereopsis, as Mitchison and McKee suggest, and as such is beyond the scope of this
model. However, the perception of apparent depths different
from physical disparities fits in well with the properties of our
model. Perturbations in the pattern of activity in a local population of disparity-tuned units caused by lateral interactions
can lead to this effect.
In conclusion, our approach has been to consider a variety
of neurophysiological and psychological data and use them in
combination to constrain possible models of binocular organization in the primate visual system. Some models fit only part
of the data, such as rate encoding of disparity, which can parsimoniously account for the psychophysical stereoacuity data
but is inconsistent with the neurophysiology. Conversely, the
psychophysics also constrains interpretation of the neurophysiology, for out of the large, random sample of disparity tuning
curves that have been measured, there is no reason to group
them into any specific set other than from consideration of the
psychophysics. This interaction and mutual constraint between
physiological and behavioral data provide a particularly rich
environment for the development of neural theory.
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