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c m p&mI HersUve searches for g o 4 solutions
weights on the connections between processing
to
kn6wkdge about how things normally fit together in
d
w a d the iniUal states or extetnal inputs to a subset d
t)n
nod.
fmgmtrr d a structure wilhin the domain
(M,
wnton urd Seinawdci. 1983). These fragments constitute a
pro-:
WhU b the whole structure fram which they probably
w, he network computes 8 "good bdution" to the problem by
m t e d l y updating the dates d units that represent possible othw
putr d the structure unUl the network wentualty wttlm into a stable
d activity that repr-b
the sduti~n.
~ u ~ b (

fhe general Idea d ushg parallel networks to perform relaxation
-hog
that dmultanmusly satisfy multiple constrainla b
clppeaNng. It might wen provide a successor to telephone
mchangea, holograms, or communities of agents as a metaphor lor
the styk of compumtion in cerebral cortex. But some tough
technical questiuns have to be answered before thb style of
computationcan be accepted a8 either efficient or plausible:
1. Will the nehnork wtlle down or will it oscillate or wander

a i m W
2. What does the nawork compute by setling down? We
need some charactc~izationol the camputation that the
network performa other than the netrrork itself. kleally
we would like to be able to say what ought to be
computed (Marr, 1982) and then to show that a network
can be made to compute it
S How bng does the network take to settle on a solution?
If thousands d iterations we required the method

bemm implwslble M 8 modd of how the cortex
solves constraint-satidactionproblems.
4. How much inlormationdoes each unit need to convey to

its neighbors? In many relaxation schemes the units
communicate accurate real values to one another on
each iteration. Again this is implausibleif the units are
intended to be l i e cortical neurons which communicate
using all-or-nonespikes. To send a real-value, accurate
to within 5%, using firing rates requires at least 1WmS
which is about the time allowed lor the whole iterative
procesa to set* down.
5.How are the weights that encode the knowledge
acquired? For low-level vision it is possible for a
programmer to decide on the weights, and evolution
might do the same for the earliest stages of biological
visual systems. But if the some kind of constraint.
satisfaction searches are to be used for higher level
functions like shape recognition or content.addressable
memory, there must be some learning procedure that
automaticallyencodes propenies of the domain into the
wights.

This paper is mainly concerned with the last of these question4 but
the learning procedure we shall present was an unexpected
consequence of our attempts to answer the othe! questions, so we
shall start with them.

Optimization and weak constraints
One way of ensuring that a relaxation search is computing
something sensiblo (and will eventually settle down) is to show that it

.

is solving an optimization problem by progressively reducing the
value of a cost function. Each possible stale of activity of
network has an associated cost, and the rule used for uma%
activity levels Is chosen so that this cost keeps falling. The
lunctton must k chosen so that lowa8t Slates repregent good
solutions to problems in the domain.
Marly optimization problems can be cast in a framework known
linear programming. There are some variables which take on
values and there are linear equality and inequality constralnb
between vddabka Each combination of valuea for the variables has
an associrted cost which is simply 6he mm over @I
the variablgs g(
the current valw times e' cmt-~~effi~ient.
The aim b to Rnd a
combination of values that aalisfies all the constraints and minimizes
the cast function. If the variables are further constrained to take on
only the values 1 or 0 the problem is callad zero-one programming.
Hinton (1977) h m shown that certein zero-one programming
problems can be implemented ss relaxation marches in paretlal
networks: Thb allow8 networks to find good solutions to prpblemsIn
which there are discrete hypotheses that are true or false. Even
thou~hthe allowable solutions all assign values of 1 or 0 to the
hypotheses, the relaxation process work8 by passing through
intermediate states in which hypothesis Units have real.valued
activity levels lying behveen 1 and 0. Each constraint is enforced by
a feedback loop that measures the amwnt by which Ule current
values violate the constraint and tries to alter the values of the
variables to reduce this violation.

Linear programming and its variants make a sharp distinction
behneen constraints (which must be satisfied) and costs. A solution
which achieves a very low cost by violating one or two of the
constraints is simply not allowed. In many domains, the distinction
between constraints and costs is not so clear-cut. In vision, lor
example, it is usually helpful to use the constraint that neighboring
pieces of surface are at similar depths because surfaces are mostly
continuous and are rarely parallel to the line of sight. But this is not
an absolute constraint. It doesn't apply at the edge of an object. So
a visual system needs to be able tofgenerate interpretations that
violate this constraint if it can satisfy many other constraints by doing
so. Constraints like these have been called "weak" constraints
(Blake, 1983) and i t is possible to formulate optimization problems in
which all the constraints are weak and there is no distinction
between constraints and costs. The optimal solution is then the one
which minimizes the total constraint violation where different
constraints are given dilferent strengths depending on how reliable
they are.
Some relaxation schemes dispense with separate feedback loops for
the constraints and implement weak constraints directly in the the
excitatory and inhibitory interactions between units. We would like
these networks to settle into states in which a few units are fully
active and the rest are inactive. Such states constitute Clean
"digital" interpretations. To prevent the nehvork from hedging its
bets by settling into a state where many units are slightly active, it is
usually necessary to use a strongly non-lineardecision rule, and this
also speeds convergence. However, the strong non-linearitiesthat
are needed to force the network to make a decision also cause it to
converge on dilferent states on dilferent occasions: Evan Mith the
samo external inputs, the final state depends on the initial state of
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tho IW. Thb has bd nuny psapk (Romnfdd,k m m d and tucker,
1
mHopfWd, 1982) to .swm that the particular problem to k
d w d ehouid k encoded by the InitM stale d the tMtwork rather
thur by auatdnod exlsnrd brput to some d its units.

llummd nd Zucker (1863) and HopMd (1882) have shown th.1

xmw relaxation 8citmm haw an rssociated "potential'

of cost
hnctlon and Uut the 8taW to wh&h thr network converge9 are
kcrl m h h d thb function. lhb mean8 that the network6 are
performing opUmtraNon d a wall. M i n e d function. Unfortunately,
thmbm~~UutM.networkw#Rndthebeslmbrhum.
One posdbillly b to redefine the taak as the probkm of finding the
kulm i n i m which is c f W to the initial state. Thb b useful if the
minima we u8ed to mpmsent "Itsms" in a memory, Ond the InitW
starea we qwricw to memor~which nlay contain misdng of
erromow information. The network dmpry finds the minimum that
bsst fits the query. This idea war ussd by Hopfield (1082) who
introduced an interesting kind d network In which the units were
always in one d two states. Hopfield UEWI the states 1 and .t
because his model was derived from physical systems called apln
gtIn which aplns are either "up* or "down". Provided the
units have thresholds, models lhat u w 1 nnd-1 can be translated
into model8 that use 1and 0 and have different thresholds. Hopfleld
showed that H the unlb are symmelrlcally connected (1.e. the weight
from unit Ito unlt 1 exactly equals the weight from unit j to unit I) and
if they are updated one at a lime, each uptlato reduces (or at wont
does not increase) the value of a cost lunction which is analogous to
the energy d a physical system. Consequsntly, repeated iterations
are guaranteed lo find an energy minimum. The global energy of the
system Is defined aa

where wb is the strength of connection (synaptic weight) from thejh
and 81 b a
to the thunit, q is the state of the i~unit (0 or I),
threshold.
The updating rule b to switch each unit into whichever of ib two
statea yields the l o w total energy @van the current statea of the
other units.
W a u the
~ connections are symmetrical, the
difference between the energy of the whole system with the k*
hypothesis false and its energy with the k" hypothesis true can be
determinedlocally by I~kh
IO
unlt, and Isjust

Therefore, the rule for minimizing the energy contributed by a unit b
to adopt the bue Mete H its total input from the other units excseds
ib threshold. This ia the familiar rule for binary threshold units.

Using probabilistic decisions to escape from
local minima
At about the same time as Hopfieldshowed how parallel networks of
this kind could be used lo access memories that were stored as local
minima, Scott Kirkpatrick working at IBM introduced an interesting
new search technique for solving hard optimization problems On
conventional computefa.

gradient descent: The values of the
One standard technique is to
VtUhble8 in the pobbm are modified in whatever direction reducea
the cost function (energy). For hard problems, gradient descent gets
stuck at local minima that are not globally optimal. This is M
Inevitableconsequence of only allowing downhill moves. Ifjumps to
higher energy states occasionallyoccur, It b posdbfeto break out of
local minima, but it is not dviota how the system will then behave
and It b far from clear when uphill steps should be allowed.
Mlkpatrick, Qelan and Vecchi (I-),
used another physical analogy
10 guide t h e w of occasional uphill deps. To find a very low energy
State of a metal, tho beat strategy is to melt It and then to slowly
reduce ils temperature. This pocass is called annealing, and so
they flamed their search method "simulated annealing". One way of
seeing why thermal noise is helpful b to condder the energy
landscape shown in Hgure 1. Let us suppose that a ball.bearing
starb3 at a randomly chosen point on the landscape. If it always goes
downhill (and has no Inertia), it will have an even chance of ending
up at A or B becausb both minlrna have the aama width and so the
initial random point b squally llkdy to Ib In either minimum. If we
shake the whole system, we are more Ikdy to ah- the bali&iarina
from A to B Ihan vice versa bocauae the energy barrier b lower fr6m
the A M e , if the draking Q gentle, a transition from A to B will be
many times more probable than a trandtion from B lo A, but both
transitions wlll be very rare. SO althou~hgentle shaking will
ultimately lead to a very high probability of Wng In A rather than B, it
will take a very long time before this happens. On the other hand, if
the shaking is violent, the ball-bearing wlll cross the barrier
frequently and so the ultimate probability ratio wlll be approached
rapidly, but this ratio will not be very good: With violent shaking it is
almosl as easy to cross the barrier in the Wrong direction (from B to
A) as in the right direction. A good compromise is to start by shaking
hard and gradually shake more and more gently. This ensures that
at some stage the noise level passes through the best possible
compromise between the absolute probability of a transition and the
ratio of the probabilities of good and bad transitions. It also means
that at the end, the ball.bearing stay8 right at the bottom d the
chosen minimum.

0
Figure 1: A simple energy landscape

This view of why annealing helm b not the whole story. Figure 1 is
misleading because all the states have been laid out in one
dimension. Complex systems have high-dimensionalstate spaces,
and so the barrier between two low-lyingstates is typically massively
degenerate: The number of ways of getting from one low4ying state
to another &an exponential function of the height of lhe barrier one
18willing lo cross. This means that a rise in the level of thermal noise
opens up an enormous variety of paths for escaping from a local
minimum and even lhough each path by itself is unlikely, it is highly
probable that the system will cross the barrier. We conjecture lhat
simulated annealing will only work well in domains where the energy
barriersare highly degenerate.
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Simulated annealing in parallel netr

"

I

ThM Y a dmde modilkation of H o p W s updaHng rule that &ws
pM)ld nowork# to hnplement simulated annealing. If the energy
W, b w m th.
~ 1 and 0 otater of the kh unit Is AKAthen regardless
p m k W 8tab 801Sk = 1 with p~bability
d
h'

1
(l+r-AEg3

to be completed M output. Sb there am two different compktbn
paradigma. In the firat, any of the vidbk Unb might be part ot the
required output. In the second there is a distinguished subset of the
vidbte units, called the input unL, which are always damped by me
environment, so the network never need8 to determine the states
th~unHa

(3

whom T 1.a ~uametorwhich acts like the temperature of a physical
eyatan. Thh local decislon d e ensures that in thermal equilibrium
Um nkthn probdllby d two global Mates is detwmined solely by
thdr energy dfffemco, and fellows a Boltzmanndistribution.

At low Iennmtursr thm b a arong Mas In favor of state8 with low
enwgy, but the tima requhd to reach equilibrium may be long. At
temmurea th.Man la not so favorable but equilibrium b
reached faam. The feateat way to reach equilibrium at a giwn
ternpmture h generally to ra6 simulated annealing: Start with a
higher ternmature and gradually reduce it.

whsr

The Idea d ImpkmsnUng constraints aa intsractions between
is
stochaalk processing d m l was proposed by M o u s ~ ~ l r(1974)
who discussed the identity ktwsen Bolkmann distributions and
Markw random Relds. The idea d uslng simulated annealing to find
low energy states in paratbl networks has been investigated
independently by several different groups. Geman and Geman
(1964) establhhsd limitk on the allowable speed of the annealing
schedule and showed that simulated annealing can be very effective
for removing no@ from images, Smolensky (1983) has been
investigating a similar scheme called "harmony theory".

Pattern completion
One way of wing a parallel network is to treat it as a pattern
completiondevice. A subset of the units are "clamped" Into their on
or olf statem and the weights in the network then complete tho
pattern by determining the states of the remaining units. There are
strong limitations on the nets of Mnary vectors that can be learned if
the network has one unit for each componsnt of the vector, These
limits can be transcended by udng extra units whose states do not
correspond to componentsin the vectors to be learned. The weights
of connecHons to these exlra units car, be wed to represent
complex interactions that Connot be expressed as pairwise
correlations between the components of the vectors. We call these
extra units "hidden" u n b (by analogy with hidden Markov
processes) and we call the units that are used to specify the potterns
to be l e a m d the "vidble" unb. The vidble units are lhe interface
between the network and the environment that specifies vector8 for
it to learn or asks it to complete a partial vector. The hidden units
are where the network can build its own internal rdpresentations.
m t l m , w would Ike to be able to complete a paltern from any
wfflclently large part of it without knowing in advance which~partwill
be g i m and which part must be completed. Other timea we know in
avarice which parts will be given input arid which parls will have

Easy and hard learning
h i d e r a network whkh b allowed to run freety, using the
probabilistic docidon rule in Eq. 3, without having any of ib u n b
clamped by the environment. When the network reaches thermal
squilibrbm, the pohbility of finding it ke any particular glob! state
depends only on the energy of that state (Eq 4.). We can therefore
contrd the probabilitiesof global states by controlling their energies.

If w h weight only conMbuted to lhe energy d a dngle global a t e ,
Ulb wouk k straightlornard, but changing a weight will actually
change the energies of many different dele8 so H is not immediatety
obvious how a weight-change will tiffed the probability of a
paniculw global state. Fortunately, if we run the network until H
reaches thermal equilibrium, equatlons 3 and 4 allow w to derive the
way in which the probabilityof each global state changes as a weight
b changed:

where a,'?is the binary state of Ule im
unit in the am global state and
is the probability, at thermal equilibrium, of global state a of the
network when none of the visible units are clamped (the lack of
clamping is denoted by the superscript '). Eq. 5 shows that the
elfect of a weight on the log probability of a global stale can be
computed from purely local information, because it only involves the
behavior of the two units that the weight connects (the second term
and jM units on together). This
is just the probability of finding the ith
makes it easy to manipulate the probabililies of global States
provided the desired probabililiw are known (see Hinton 6
Sejnowaki, 19for details).
Unfortunately, it is normally unreasonable to expect the environment
or a teacher to specify the required probabilities of entire global
states of the network. The task that the network must perform is
defined in terms of the states of the visible units, and so the
environment or teacher only has direct acces to the slates of these
units. The difficult learning problem is to decide how to use the
hidden units to help achieve the required behavior of the visible
units. A learning rule which assumes that the network is instructed
from outside how to use all of its units is of limited interest because it
evades the main problem which is to discover appropriate
representationsfor a given task among the hidden units.
In statistkal terms, there are many kinds of statistical structure
implicit in a large ensemble of environmentalvectors. The separate
probability of each visible unit being active is the first-orderstructure
and can be captured by the thresholds of the visible units. The v 2 / 2
pairwise correlations between the r visible units constitute the
second-order structure and this can be captured by the weight4
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bewcm pain d units. All structure higher than second-order
emnot be capturedby palmiss wdghts between the.visible unNa. A
simple example may help to clarity thin crucial point.
Supmu that tho e n m b l e consist8 of the wctors: (1 1 O), (1 0 11, (0
1 1). (0 0 O), each with a probability of 0.25. There is clearly some
MNCtUre here becauw four 01 the eight possible 3.bit vectors never
occur. Howow,the structure is entirely third.order. The first-order
probabilities are all 0.5, and the second-order correlations are all 0,
so if we consider only these stotistics, this ensemble is
indistinguishable hom the ensemble in which all eight vecton occur
e$uiprobably.
The Wrow-Hoff rule or perceptron convergence procedure
(Roscnrblatt, 1061) is a learning rule which is designed to capture
wcond.order structure and it therefore fails on the example i u d
given. If the flrst two bits are treated as an input and the last bit is
treated as the required output, the ensemble corresponds to the
function "exclusive.orn which is one of the examples used by Minsky
and Papert (1069) to show the strong limitations ol one-layer
perceptrons. The Widrow-HoM rule can do easy learning, but it
cannot do the kind of hard learning that involves deciding how to
we extra units whose behavior is not directly specified by the taak.
It is tempting to think that networks with paimise connections can
never capture higher than second-order statistics. There is one
sense in which this is me, and another in which it is false, By
Introducing extra units which are not part of the definition of the
original ensemble, it h possible to express the third.order structure
of the original ensemble in the second-order structure of the larger
set of units. In the example given above, we can add a fourth
component to get the ensemble ( (1 1 0 I), (1 0 1 O), (0 1 1 O), (0 0 0
0) ) and it is now possibleto use the thresholds and weights between
all b u r units to express the third.order structure in the first three
components. A more familiar way of saying this is that we introduce
an extra "feature detector" which in this example detects the case
when the first two units are both on, We can then make each of the
first two units excite the third unit, and use strong inhibition from the
feature detector to overwle this excitation when both ol the first two
units are on. The difficuh problem in introducingthe extra unit was
deciding when it should be on and when it should be off .. deciding
what feature it should detect.
One way of thinking about the higher-order structure of an ensemble
of environmental vectors is that it implicilly specifies good sets of
underlying features that can be used to model the structure of the
environment. In common.sense terms, the weights in the network
should be chosen so that the hidden units represent significant
underlying features that bear strong, regular relationships to each
other and to the states of the visible units. The hard learning
problem is to figure out what these features are, i.e. to find a set of
weights which turn the hidden units into useful feature detectors that
explicitly represent properties of the env~ronmentwhich are only
implicitly present as higher-order statistics in the ensemble 01
environmental vectors

Maximum Likelihood Models
Another view of learning Is that the weights in the network constitute
a generative model of the environment we would liko to find a Set

.-

of weights so that when the network is running freely the patterns of
activity that occur over the visible units eru the same Os they would
be ifthe environment was clamping them. Th6 number of units in
the network end their inter.connectiuity dufine a space Of possible
models ol the environment, end any particular set of weights defines
a particular model within this space. The learning problem is to find
a combination of weights that gives a good model, given the
limitations imposed by the architecture ol the network and the way it
runa.
More formally, we would like a way of finding the combination ol
weights that is most likefy to have produced the observed ensemble
of environmental vectors. This b called a "maximum likelihoodn
model and there is a large literature within statistics on maximum
likelihood estimation. The foaming procedure we describe actually
has a close relationship to a method called EM which stands for
"Expectation and Maximization* (Dsmpster, Laird, and Rubin 1076).
EM is used by latisticians for estimating missing parameters, It
repmSents probability dlatributlona by wing parameters like our
weights that are exponentially related to probabilities, rather than
using probaMlitie3 themselves. The EM algorithm is closely related
to an earlier algorithm invented by Baum that manipulates
probabilitiesdirectly. Baum's algorithm has been used successfully
for speech recognition (Bahl, Jelinek, and Mercer, 1983). It
estimates the parameters of a hidden Markov chain a transition
network which has a fixed structure but variable probabilities on the
arcs and variable probabilitiesof emitting a particular output symbol

-.

as it arrives at each internal node. Given an ensemble of strings of
symbols and a fixed.topology transition network, the algorithm finds
the combination of transition probabilities and output probabilities
that is most likely to have produced these strings (actually it only
finds a local maximum).
Maximumlikelihood methods work by adjusting the parameters so as
to increase the probability that the generative model would produce
the observed data. Baum's algorithm and EM are able to estimate
new values for the probabilities (or weights) that are guaranteed to
be better Ulan the previous values. Our algorithm simply estimates
the gradient of the log likelihood with respect to a weight and so the
magnitude of the weight change must be decided using additional
criteria, Our algorithm, however, has the advantage that it is easy to
implementin a parallel network of neuron4ke units.

The Boltzmann Machine learning algorithm
If we make certain assumptions it is possible to derive a measure ol
how eflectively the weights in the network are being used for
modeling the structure of the environment, and it is also possible to
show how the weights should be changed to progressively improve
this measure. We assume that the environment clamps a particular
vector over the visible units and it keeps it there long enough for the
network to reach thermal equilibrium with this vector as a boundary
condition (i.e. to "interpret" it). We also assume (unrealistically)that
the there is no structure in the sequential order of the
environmentally clamped vectors. This means that the complete
structure of the ensemble of environmental vectors can be specified
by giving the probability, Pt( V,), of each of the 2" vectors over the v
visible units. Notice that the P+( V, ) do not depend on tW8 Whights in
the network because the environment clamps the visible units.
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#t d weight8 cur be mid to constitute a perfect model
d the bnVkO8lflWlt if it h d S to eXOCly the Mmb
d
e # t y & r i M i o n oi Wble vsetom when the network b running
wHh no un& bring clamped by the environment. Becaueo of
slach.rtio ~ v l odtthe units, the network will wander through
8 wmy 04 rulss even with no environmental input and it WM
thodore gemate probability dlsblbutlon, F( V,), over all 2"
vbi#r w o n . Thh dbtrbution can bq compared with the
avironmerml distribullon, I"( V, ). In p a l , it will not be podbb
to exactly match ths 2" envhonmenlalprobiWHtleausing the weights
A

aamg the v ~ M M e n d
hh
i unitsbecaw there are at most
( v f h l ) ( v h ) / 2 symmetrical welghta and ( v h ) thresholds.
However, It m y k possible to do very well if the envkonment
conWM regularities that can be expreased in the weighb. h
lnfmrtion theorellc marsure (Kullback, 1959) d the distance
betweenthe mdronmental and free-nmning probabilitydistributions
is g l m by:

-

+

+

where P+( V,) b the probaMlky d the amstate of the vidMo unit8 In
phase+ when their states are determined by the environment, and
Cr( V.) is the correspondingprobability in phase' when the network
b running kedy with no environmentalInput.
G is never negative and b only zero if the distribulions are identical.
O is actually the distance in bits lrom the free running distribution to
the environmental distribution (if we use base 2 logarithms.) It b
possible to improve the network's model of the structure of Its
environment by changing the weights so aa to reduce G. Peter
Brown (personal communication) has pointed out that mlnimizlng O
is equivalent to maximizing the log of the likelihood of generating the
environmental probability distribution when the network is running
freely at equilibrium. To perform gradient descent in G, we need to
know how G will change when a weight is Changed. But changing a
aogle weight changes the energies of one quarter of all the global
states of the network, and it changes the probabilities of all the
states in ways that doped on aN the other weights in the network, 00
minimizing G appears to be a difiicult computational problem that
requiresnon-localinformation.
Fortunately, dl the information that b required about the other
weights in order to change w,, appropriately shows up in the
behavior of the im and jm unit8 at thermal equilibrium. In addition to
performing a search for low energy states of the network, the
process of reaching thermal equilibrium ensures that the joint
activity ol any two units contains all the information required for
changing the weight between them in order to give the network a
better model of its environment. The joint activity implicitly encodes
information about all the other weights in the network. Ackley,
Hinton and Sejnowdd (1985) show that:

where pi; b the probability, averaged over all environmental inpub
and measured at equilibrium, that the im
and j'h units are both on
when the network is being driven by the environment, and p i k the
correQonUlng probability when the network is free running. One

surprising feature of Eq. 7 b that It does not matter whether
weight is between two visible units, twp hWen units, w one d each.
The m e rule applies for the gradient of O.

Ways In which the learning algorithm can fail
The ability to dhover the partial derivative of G by observingp $ w
W Is st&
neceswy to decide how much to change each weight, how lono to
collect co.acUvation statistics before changing the weight, how
many wights to change at a time, and what temperature schedule to
use during the annealing searches. For very simple networksin very
dmple environments, it Is pmalMe to diecover reasonable value$ fw
Ihsss parameter8 by lfial and error. For more compkx and
interesting cases, serious difficultb arise because it is very easy to
vidab the awumptlons on which the mathumaticalrssulta are based
(Oerthick, 1984).

p i doe8 not completely determine the leming algorithm.

The R r d .difficulty b that there b nothing to prevent the barnlng
algorithm from generating w y large weigh& which create w c h high
energy baniera that the network cannot nauh equilibrium in the
allotted Ume. t h e way to en~urethat the network gets c l w to
equillbrlum ie to ke8p the weight8 mall. Barak Pearlmunar
(personal communication) has &own that the learning work8 much
better if, in addHin to the welght changes c a u d by the learning,
every weight continually decaya towards a value of zero, with the
speed of the decay being proportional to the absdute magnitude d
the weight. This keeps the weights small and eventually leads to a
relatively stable situation in which the decay rate of a weight b
balanced by the partial derivative of G with respect to the weight.
This has the satisfactory property that the absolute magnitude ol a
weight shows how important it Is for modeling the environmental
structure.
Another way of ensuring that the network approaches equilibriumb
to eliminate deep, narrow minima that are often not found by the
annealing process. Derthick (1984) has shown that this can be done
using a longer gentler annealing schedule in phase'. Thb means
that the network is more likely to occupy the hard.to.find minima In
phase' than in phase+ and so these minima will get filled in because
the learning rule raises the energies of states that are occupied more
in phase' than in phase+.

An example of hard learning
A simple example which can only be solved by capturing the higher.
order statistical structure in the ensemble of input vectors is the
"shiftern problem. The visible units are divided into three groups.
Group V, is one-dimensional array of 8 units, each of which is
clamped on or off at random with a probability of 0.3 of being on.
Group v, also contains 8 units and their states are determined by
shifting and copying the states of the units in group V,. The only
shifts allowed are one to the left, one to the right, or no shift. W r W
around is used so that when there is a right shift, the state of the
right-mostunit in V, determines the state of the lelbmost unit in vv
The three possible shifts are chosen at random wilh equal
probabilities. Group V, contains three units to represent the three
possible shifts, so at any one time one of them is clamped on and the
others are clamped off.
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The probkm b to learn the structure that relates the states of the
three groum One facet of this problem is to "recognize" the shift.
1.6. to complete a partial input vector in which the states of V, and V,
are damped but the units in V, are left free. It is fairly easy to see
why thb probhm cannot possiMy be solved by just adding together a
k t of paiNlfW Interactions between units in V,, V,, and V,. If ydu
knPw that a partkular unit in V, b on, it tells you nothing whatsoever
about what the shift is, It'is only by finding combinations of active
unita k, V, Md VI that it is possible to predict the shift. no the
informationrequired b of at least third-order. This means that extra,
hidden unite are required to perform the task.

The obvious way to recognize the shift is to have extra units which
detect informative features such as an active unit in V, and an active
unit one place b the right in V, and then support me unit V, that
represents a right shift. The empirical question b whether the
learning algorithm is capable of turning some hidden units into
feature detectors of this kind, ~ n d
whether it will generate a set d
detectors that work well together rather than duplicating the same
detector. The set of weights that minimizes G defines the optlmalset
of detectors but it is not at all obvious what these detectors are, nor
b H obvious that the learning algorithm is capable 'of finding a good
set.
Figure 2 shows some of the feature detectors that are created by the
learning algorithm. One type of detector which occurs several times
consists of two large negative weights, one above the other, flankecf
by smaller excitatory weights on each side. This is a more
disoriminating detector of noashift thair simply having two positive
weights, one above the other. The learning algorithm created
multiple instances 01 this feature type, but they focused on different
regions in V, and V,, even though the hidden units are not
connected to each other. The pressure lor the feature detectors to
be different from each other comes irom the gradient of G, rather
than from the kind of lateral inhibition among the feature detectors
that is used in "competitive learning" paradigms (Rumelhart i
Zipser, 1985; Fukushima, lW).

The training procedure
The training procedure alternated between two phases. In phase+
all the units in V,, V,, and V, were clamped into states representinga
pair of &bit vectors and their relative shift. The hidden units were
then allowed to change their states until the system approached
thermal equilibrium at a temperature of 10. The annealing schedule
is described below. After annealing the network was assumed to be
close to thermal equilibrium and it was then run for a further 10
iterations during which time the frequency with which each pair of
connected units were both on was measured. This was repeated 20
times with different clamped vectors and the co-occurrence
statisliu were averaged over all 20 runs to yield an estimate, lor
each connection, of pJ in equation 7. In phase', none of the units
were clamped and the network was annealed in the same way. The
network was then run for a further 10 iterations and the CO.
occurrence statistics were collected for all conne~tedpairs of units.
This was repeated 20 times and the co-occurrence statistics were
averaged to yield an estimate of

pi.

Figure 2: This shows the weights of 20 of the 24 hidden units in the
shrfler network. Each large region corresponds to a unit. Within this
region the bjack rectangles represent negative weights and the white
rectangles represent positive ones. The size of a rectangle
represents the magnitude of the weight. The two rows of weights at
the bottom of each unit are its connections to tho two groups of
un~ts,V, and V,. The three weights in the middle of the top row of
each unit are its connections to tho three units of Vj lhat represent
shrft.lelt, no.shift, and shiftdght. The solitary weight at the top right
of each unit is its threshold. Each hidden unit is d~rectlyconnected
to all 16 input units and all 3 output units. in this example, the
hidden units are not connected to each other. The top4eft unit has
werghts that are easy to understand: its optimal stimulus is activity in
the fourth unit of V, and the fifth unit of V,, and it votes for shift-right.
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~

m~rs
set o( 40 annealings that w r a ussd to estimate ~ i s npdi
cdw a bwbep, and a t o w of BOM) mwew were perfomred.
fa ht rweep,
~ c ~ l wdght
y
waq incremented L)y S(pU+- p i ) . In

dm,
welght had (El absolute magnitude decreased by
0.0005 umas i b ~
absolute magnitude. TMs weight decay prevented
the wdghm from becomkrO too hrge and it also helped to
-Hate
Mdden units which had predominantly negative or
predominrntfy positive wdQhb. Such unit$ spend all their time in
the
atate and therefore convey no Information. The phase+
and phm' statistic3 are identical for these units, and so the weight
decay gradually eredm thek weights until they come back to life
@nibwith dl tsro weiphb come on half the Urn).
~ hannealing
.
schedule spent the fdlowing number of iterations at
me foilowing temperatures: 2@40, 2@35, 2@30, 2@B, 2@20,
2@15, 2@12, 2@10, One iteration b defined as the number of
random ptobes required so that each unit 1 probed once ~n
average. When it Is probed, a unit uses Its energy gap to declde
which of its huo stater to adopt using the stochastic decision rule In
Eq. 3. Since each unit gets to see the most recent states of all the
other units, an iteration cannot be regarded as a Jinpb parallel step.
A truly parallel asynchronous system must tolerate tlme delays,
Units mutt decide on thelr new states without being aware of vely
recent changes in the etatea of other units. It can bo shown
(Sejnowskl, Hinton, Kienker and Schumacher, 1W) that to first
order time delays act like added temperature and can'therefore be
tolerated by networks of this kind.

Conclusion
We have de$cribed a new klnd of relaxation search: Nelworks of
symmetrically connected binary threshold units can escape from
local minima by Wling a st0chaStlc decision fule, The search !h not
guaranteed to produce the oplimal solution, but it is guaranteed to
produce solutions with a pobability that depends on how good they
are (provMed it Is run for long enough to approach thermal
equilibrium at a finite temperature).
At thermal equilibrium, the probability that two units are both active
encode informationabout how to change the weight between them.
The joint probability must be measured in two different conditions:
when the environment is clamping the states of some units, and
when the network is Ira-running. The difference in the joint
probabilities in these two phases specifies how to change the weight
so as to make the free-funning network into a generative model of
the environmental structure.
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