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Abstract. We investigate the spatial and temporal aspects of firing patterns in a network 
of integrate-and-fire neurons arranged in a one-dimensional ring topology. The coupling is 
stochastic and shaped like a Mexican hat with local excitation and lateral inhibition. With perfect 
precision in the couplings, the attractors of activity in the network occur at every position in the 
ring. Inhomogeneities in the coupling break the translational invariance of localized attractors 
and lead to synchronization within highly active as well as weakly active clusters. The interspike 
interval variability is high, consistent with recent observations of spike time distributions in 
visual cortex. The robustness of our results is demonstrated with more realistic simulations on 
a network of McGregor neurons which model conductance changes and after-hyperpolarization 
potassium currents. 

1. Introduction 

The significance of spike timing in cortical processing has been the focus of much current 
research. Mainen and Sejnowski (1995) showed that the firing times of neocortical neurons 
in slice preparations are highly reproducible when the same fluctuating stimulus is repeatedly 
injected. In cat visual cortex, Gray et a1 (1989) and Engel et a1 (1992) presented evidence 
for synchronization of action potentials between neighbouring cells. Softky and Koch (1993) 
reported high variability of the interspike intervals in their analysis of data from cat and 
macaque V1 and MT neurons, and argued that it is inconsistent with mean field temporal 
integration models where fluctuations are smoothed out. 

In the present study, spatial and temporal aspects of firing patterns in a simple network 
model of integrate-and-fire neurons is examined in the context of rate coding and temporal 
coding. The coupling between neurons is stochastic as in Tsodyks and Sejnowski (1995b) 
and has a spatial structure that leads to clustering of localized attractors. Here we probe the 
strong coupling or small firing reset parameter regime (compare Vreeswijk and Sompolinsky 
(1996) and Troyer and Miller (1997)). 
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2. Methods 

The simplest single population time coarse-grained, mean-field model has dynamics given 
by 

where ei represents the firing rate of neuron i ,  a is the decay time constant, a ( . )  is a 
non-linear sigmoidal function such as tanh(.), .Iij is the coupling matrix, si is the external 
stimulus and 0 is the threshold term. Since the description is in terms of firing rates, detailed 
temporal aspects of the neuronal spiking activity are not captured. More descriptive models 
must be used to investigate the relevance of spike timing in cortical processing. 

2.1. Network of integrate-and-jire neurons 

The central model studied consists of a single population of integrate-and-fire neurons with 
both excitatory and inhibitory interactions. Time evolution of the network is given by .... 

rvi = -(vi - vo) + C ~ ~ ~ k ~ ~ ( t ) ~ ( t  - t,?') + si (2) 
i 

where Vi represents the transmembrane potential of cell i ,  t its membrane time constant, 
Vo its resting potential and Si the external stimulus. Here kij(t) is a binary random variable 
which is one with probability p, and is zero otherwise. The parameter p is termed the 
synaptic reliability. Cell j fires when its potential reaches its firing threshold 8,; afterwards 
its potential is reset to the resting value. The network is pulse coupled without delay through 
the delta function term, where t,?re labels the times when cell j fires. Coupling between 
cell i and j is given by Jij.  A dimensionless form of equation (2) is used where time and 
potentials are measured in terms of membrane time constant and threshold potential scales 
respectively: 

In this form the resting potential is subsumed within the stimulus, and the resting threshold 
value is normalized to 1. Thus the dimensionless stimulus term reflects both the post-firing 
reset level as well as the actual stimulus. 

The firing threshold is dynamic to account for the increase in the threshold immediately 
after a neuron fires, and the gradual post-firing after-hyperpolarization. When a cell fires, 
its threshold increases by he, then exponentially asymptotes to the resting threshold, Q = 1: 

Here, the threshold decay time constant is taken to be equal to the membrane time constant 
in order to retain analyticity in the time evolution of the model. 

The network of cells is given a one-dimensional circular topology through the coupling, 
which is of the Mexican-hat form: 

Jij = aexp(-$) - b e x p ( - 3 )  - c for i # j. 

Here, dij is the shortest distance between units i and j on the circle. The parameters 
1 ,  and l2 determine the short-range excitation and medium-range inhibition length scales 
respectively. No self-coupling was allowed. 
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2.2. Network of McCregor neurons 

In addition to the integrate-and-fire neuron model, we also simulated a network of McGregor 
neurons (McGregor and Oliver 1974). Their dynamics has some features of the Hodgkin- 
Huxley model and can be written as 

t~ ' Ei ( t )  = - ( E i ( t )  - EO) - ( g i ( t )  - go) . ( E i ( t )  - E K )  

T, - gi( t )  = -(gi ( t )  - go) + tR . b . oi ( t ) .  (8) 

The variables Ei ,  Oi and gi describe the membrane potential, threshold recovery and 
potassium current of neuron i .  E ~ ,  Ein, EeX denote the equilibrium values of E for the 

J , e ~ / i n  influence of potassium current, inhibitory input and excitatory input, respectively. . '! 
denote the weights, t the synaptic delay, S the smallest input necessary for repetitive firing, 
EO, and 8' the equilibrium values of the respective variables, and o i ( t )  the spiking 
history of neuron i (i = 1, .  . . , N):  

o i ( t )  = ( E i  - ei)  + 6(Ei  - 8i) for hi > 4 
o i ( t )  = 0 otherwise. 

( 9 )  

Throughout our simulations, E K  = Ein = I ,  EeX = 7 ,  E0 = go = 0, 8' = 1,  
ZE = 2.5 ms, TO = 10 ms, t, = 1 ms, c = 0.3, t = 0.5 ms, and b = 4.0. The synaptic 
weights are chosen similar to equation (5 )  

The McGregor neuron model is biologically more realistic than the integrate-and-fire 
model and can be simulated more quickly than a full Hodgkin-Huxley model. This model 
was used to test whether the phenomenon observed with integrate-and-fire models was 
generic. 

3. Results 

In a network of integrate-and-fire neurons, when the threshold recovery time constant is 
equal to the membrane time constant, the network evolution between successive spikes 
can be determined analytically. Given initial conditions and a constant Gaussian stimulus 
centred about a specific cell in the network, the time when the next cell fires is calculated 
and the network evolved to that instant in time. When a cell fires, its pulse is instantaneously 
transmitted to the other cells in the network, sometimes causing a cascade of cells to fire 
in synchrony. Two variants of the model arise, depending on how the avalanches of spike 
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activities are handled. In the first form, the time scale of cell reset is greater than the 
avalanche time scale. Consequently, all the cells that fire in the cascade of activity are 
effectively reset at the same time. In the second form, cells reset on a time scale shorter 
than or comparable to the coupling time scale (delays). In this version, cells that fire first 
are quickly reset to zero, and receive coupling from the subsequent cells that fire in the 
cascade. For this paper, we present results for the second variant, though many of the 
properties apply to both models. The mechanism of avalanche synchronization has been 
analysed elsewhere. (Hopfield and Herz 1995, Gerstner 1996, Herz and Hopfield 1995). 

3.1. Clusters of elevated activity 

When the units are uniformly distributed on a circle, all cells are equivalent and the network 
possesses a discrete translational symmetry. Consequently, the network has an attractor of 
the dynamics centred about every unit. Following Tsodyks and Sejnowski (1995a), we 
studied networks where this symmetry was broken either by having the units randomly 
positioned on the circle, or by having a sinusoidal variation of the unit positions. The 
latter breaks the underlying translational symmetry of the lattice, but retains a weaker 
'cluster lattice' symmetry. This symmetry breaking, which could be due to underlying 
inhomogeneities or plasticity of the synapses, gives rise to discrete localized attractors 
(figure 1). Within these attractors, the cells fire at a higher firing rate. 

The clustering of activity for the integrate-and-fire model and for the corresponding 
mean-field model described by equation (1) was similar, as shown in figures 1(b) and l(c). 
In figure l(d) the profile of the activity clusters is overlayed with the total sum of synaptic 
couplings to each neuron. The activity in the clusters tended to be all-or-none. In contrast to 
analytic studies of pulse coupled network models where the total sum of synaptic couplings 
to each neuron is normalized (Hopfield and Herz 1995, Gerstner 1996), our results suggest 
that variations in the total coupling to each neuron are important for the clustering of activity. 

3.2. Temporal correlations and ISI variability 

The integrate-and-fire model allows for the study of detailed spatial and temporal patterns of 
spiking activity. As mentioned before, cells in the attractor most strongly stimulated fire at 
the highest firing rates. However, as shown in figure 2(a), there is also a strong tendency for 
cells within a cluster to fire in synchrony. Furthermore, there is also synchronized activity 
at a low firing rate in neurons belonging to all the other attractors. 

The synchronization property is robust to stochastic synaptic failure. With the synaptic 
reliability at lo%, coherent synchronization of firing within attractors is still strong. In 
addition, the coefficient of variation (CV) of the interspike intervals of the network resembles 
that of a Poisson process (CV = 1)t which often occurs for cortical neurons in vivo. In 
figure 3 a scatterplot of CV versus mean interspike interval is plotted. The consistently high 
coefficient of variation for the cells in the network (figure 2), as well as its variation with 
mean interspike interval (figure 3) is similar to data from visual cortex analysed by Softky 
and Koch (1993). 

3.3. Persistence and rapid switching 

By varying the coupling strength, threshold recovery and synaptic reliability parameters, 
the network exhibited a tendency for either persistence of activity within a cluster, or rapid 

t CV is defined to be the variance divided by the mean of a distribution. 
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Position (neuron) 
Figure 1. Symmetry breaking in the pattern of connectivity in a ring of neurons leads to 
clustering of activity. ( a )  Plot of cell activity for a mean-field model as a function of cell 
position and stimulus position for a translationally invariant network. The length scales in the 
Mexican hat coupling are l I  = 0.02, l2 = 0.04. (b) Activity plot for a mean-field model in 
a non-translationally invariant network. Coupling corresponded to cells randomly distributed 
around the circle with the same Mexican-hat coupling length scales. (c) The activity plot for an 
integrate-and-fire network with the same coupling matrix as in (b). All activities are in arbitrary 
dimensionless units. (d) Plot of the activities for all the cells for all stimuli positions in (c), 
showing profiles of the localized attractors (dotted lines). The total synaptic coupling to each 
cell is superimposed using diamond points in arbitrary units. 
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Figure 2. Firing pattern for artificially constructed network of 90 cells with six equivalent 
attractors. (a) Raster plot of spiking neurons where each point corresponds to a spike. (b)  Firing 
rate profile in dimensionless units. (c) CV of the interspike interval of each cell. Locations 
of the cells are sinusoidally modulated with an amplitude of 2/90. The Mexican hat coupling 
was: lI = 0.04, l2 = 0.2, n = 3, h = 0.672, c = 0. Stimulus was chosen to be a Gaussian of 
amplitude 0.2 and width 7/90, offset by 1.01, centred at cell number 38; thus all cells receive 
supra-threshold stimulus. Initially, the voltages of all the cells were randomly distributed between 
0 and 1 .  

0.5 

0.0 

switching of activity from one cluster to another, as shown in figure 4 (see also Tsodyks 
and Sejnowski 1995b). 

For the purpose of analysis, consider a simplified symmetric coupling given by constant 
excitation within a cluster of strength a and a uniform inhibition of strength c .  First, assume 
mean field excitatory and inhibitory coupling where the stochastic element is averaged out. 
This results in a deterministic excitatory coupling within clusters of strength pa and uniform 
inhibitory coupling of strength pc. Here p is the synaptic reliability. A slight variation of 
the initial voltages in a network with nearly uniform supra-threshold stimulus could cause 

- - 

0 2 0  4 0  6 0  8 0  
POSITION 
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mean IS1 

Figure 3. Scatterplots of CV versus mean interspike interval. (a) Plot of CV versus mean 
interspike interval (ISI) for cells firing more than 10 times in the simulation. Cells firing at 
a high rate tend to have lower CV. The network consisted of 180 cells with six equivalent 
attractors; the parameters A@ = 0, cc = 0.4, c = 0.088 and p = 0.1 were used. (b)  Similar plot 
reproduced (with permission) from Softky and Koch (1993) of the coefficient of variation for 
macaque cortical neurons. For details, please refer to Softky and Koch (1993). 

firing of one specific attractor with n cells to persist indefinitely if (see the appendix for 
details): 

Infinite persistence will not hold with stochastic elements in the couplings. When only 
the stochastic element in the inhibitory coupling is averaged out, the expected persistence 
length of the clustered synchronous activity can be approximated as shown in the appendix. 
In this calculation, the external stimulus is not assumed to be uniform so that coupling driven 
persistence of activity can be contrasted with stimulus driven switching of activity. The 
expected persistence length, measured by the number of cooperative cascades of activity in 
a cluster is given by (see the appendix for details): 

where 

is the probability of sustained activity of the cluster, and 

is the critical number of cells in the cluster which has to fire in order to sustain the persistent 
activity. 

These results show that the persistence of activity increases with higher synaptic 
reliability (p) ,  stronger synaptic coupling (a, c) ,  and smaller threshold adaptation (Ao).  
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time 
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Figure 4. Rapid switching and persistence in the network. ( a )  Raster plot of spiking neurons. 
At the time indicated by the tickmarks, a stimulus identical to that used in figure 2 was shifted 
from one cluster centre to another. ( b )  Persistence of activity in the firing pattern. Stimulus was 
uniformly set to 1.01, n = 1, b  = 0.16, c  = 0.08, p = 0.6. A@ = 0.1. ( c )  A different time 
scale for persistence with the same stimulus but with a  = 0.8, h = 0.128, c  = 0.064, p = 0.5. 

(a) 

Although this calculation is only qualitatively correct, equations (12)-(14) successfully 
capture the effects of the parameters on persistence length, and give a rough lower bound 
on the switching time of the network. 
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4. More realistic simulations 

Are the main results of elevated activity within a cluster, strong temporal correlation of 
clustered cells, and high CV in the interspike intervals robust? Do they remain valid in 
biologically more realistic models? In the strong coupling regime, the firing of a cell causes 
a cascade of cooperative activity amongst the cells with which it is strongly coupled. With 
more detailed models, instead of exact synchronization of firing times, as reflected in a sharp 
peak in the cross correlation of units within a cluster, a finite width should be observed. 
The results of the same stimulation paradigm as in figure 2, but using the McGregor neuron 
model (McGregor and Oliver 1974) are shown in figure 5. Neurons in the same cluster 
tend to fire synchronously, but due to the finite synaptic delay, synchronization takes place 
in waves propagating in the network. The autocorrelation of the summed activity from 
ten neurons within one cluster shows a sharp central peak, signaling a high degree of 
synchronization. In contrast, the cross-correlation between two clusters is flat (figure 5(c)). 
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Figure 5. Robustness of clustered activity for the McGregor model compared with an integrate- 
and-fire model of the same network as in figure 2. Parameters are a' = 0.9, b' = 1.0, c' = 1.0, 
and S 0.2564. (a) Raster plot of spiking neurons. (b) Firing rate profile. (c) Cross- 
correlograms of the summed activities from two sets of five different neurons in cluster 1 (dotted 
line), cluster 3 (dashed line), and clusters 1 and 3 (solid line). Cluster 1 contains neurons 1-15, 
and cluster 3 neurons 31-45. Note that the peak of the Gaussian input is centred on cluster 3, 
which has a higher average firing rate than cluster 1. 

5. Discussion 

A simple biologically motivated model was shown to exhibit surprisingly rich properties 
consistent with experimental findings in cerebral cortex. By varying the strength of the 
stimulus relative to the lateral coupling, the network can change from a stimulus-driven 
response where learning can take place, to a coupling-driven clustering response where 
short-term memory and processing can occur. In particular, activity is localized to clustered 
attractors, as described previously (Tsodyks and Sejnowski 1995a), and synchronization of 
cells occurs within clusters with a high interspike interval variance reminiscent of a Poisson 
point process. Furthermore, depending on the parameters, the clustered activity can either 
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switch rapidly when the stimulus was switched (Tsodyks and Sejnowski 1995b) or persist. 
In contrast, in  mean-field models activities drift slowly from one position of stimulation 
to the next (Ben-Yishai et a1 1995). Simple variations of basic model parameters allow 
for the fine tuning of persistence and switching times, effectively allowing the network to 
either retain information or be poised for a rapid response. It is possible that feedback from 
higher cortical areas may play a role in modifying the pertinent parameters. 

The clustered synchronized activity in the network is reminiscent of the synchronized 
oscillator clusters reported by Terman and Wang (1995), who speculated on their possible 
role in binding features represented by a cluster of neurons and segmentation between 
uncorrelated clusters. The correlated firing seen for oriented cells in cat visual cortex 
(Gray et a1 1989) and the dependence of correlation between clusters of oriented cells on 
stimuli (Engel et a1 1992) fit nicely within the current framework. Finally, our model 
demonstrates that local synchronization does not necessarily require oscillations, consistent 
with recordings from monkey visual cortex (Kreiter and Singer 1996) where oscillations are 
negligible while there is significant stimulus-dependent synchronization. 

We believe that the basic properties of our simple model (synchrony within a cluster, 
asynchrony between clusters, and high interspike interval variability) are generic in the 
sense that they also occur in more detailed and realistic neuron models. We tested this 
with simulations based on the McGregor model (McGregor and Oliver 1974). These results 
demonstrate the importance of temporal structure both for explaining a range of experimental 
findings and for a theoretical analysis of spatially-organized neuronal networks. 
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Appendix. Persistence length calculations 

In the following analysis, the coupling is taken to be stepwise constant with local excitation 
between cells within a cluster with strength a and uniform inhibition with strength c. More 
precisely, we have n neurons in each of n, clusters that are defined by the coupling matrix 
J i j  = (a - C) for ln < i ,  j < (1 + 1)n where 0 < 1 < n,, and Jij = -c otherwise. Since 
no self-coupling is allowed, Jii = 0. This symmetrical coupling matrix is a straightforward 
simplification of the sinusoidally modulated coupling introduced in section 3. We restrict 
our analysis to the case where the stimulus level is suprathreshold but very close to threshold 
for all the cells. Under these conditions, the voltage distribution of the units in the network 
will be sharply peaked just below the firing threshold. Thus, cells are almost always close 
to firing. When a cell, labelled j, in the cluster of interest fires, all other cells are assumed 
to be close to the threshold: vk x 1 for k # j, where 1 is the threshold. This assumption 
effectively decouples the dynamics of the system from much of its past history. 

Calculation I. Mean-field excitation of strength pa, and inhibition of strength pc. 
Since the stochastic elements have been averaged out, the cluster either fires indefinitely 

(infinite persistence) or just once. We consider the persistence of activity of a cluster 
triggered by cell j in the cluster. Let Atj be the time to firing of cell j in the absence 
of coupling, and sj be the external stimulus received by the cell. The firing of neuron j 
triggers all n - 1 other neurons in this cluster to fire. The membrane potential of cell j is 
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reset to 0, and is subsequently raised by an amount of (n - l ) p ( a  - c )  due to the firing of the 
n - 1 other cells in the cluster. Neurons outside this cluster receive only inhibitory coupling, 
resulting in the decrease of their near threshold membrane potentials by npc. Let k label 
a typical cell outside the active cluster. From the analytical solutions of equations (2 )  and 
(3) in the absence of coupling, we find that in order to satisfy Atj < Atk, the following 
equation must hold: 

For sj x sk, we obtain 

Calculation 2. Mean-field inhibition of strength pc, with stochastic excitatory coupling of 
strength a and reliability p. 

There is a critical number of cells rn in  the 'active attractor' that must fire in order to 
sustain the activity of the attractor-to make cell j in  the cluster be the next cell to fire after 
a cascade, and to cause the next cascade to be in the same cluster. To compute the critical 
value rn, assume rn of the cells in the cluster containing cell j fired, and solve Atj = Atk: 

This gives 

The probability of sustained activity, q ,  is given by the probability that rn or more 
cells in the active cluster fire, given stochastic excitatory coupling with probability p.  This 
amounts to summing a few terms in a binomial distribution. The Gaussian approximation 
of the binomial distribution is used, with the sum approximated by the integral of the 
Gaussian distribution from rn to n: (n >> 1 ,  n(1 - p)  >> 1 ,  np(1 - p)  >> 1 and m is within 
a ,/-I neighbourhood of np): 

Finally, the expected persistence length as measured in the number of cooperative 
cascades of activity in the cluster is given by 

For example, this shows that by increasing the external stimulus sj to cell j relative to the 
stimulus to cell k in a competing cluster, the critical cluster activity number rn decreases, 
and hence the persistence length of activity in the cluster containing cell j increases. 
Alternatively, increasing sk relative to sj reduces the persistence length and results in a 
faster switching to activity in in the cluster containing cell k. 
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