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Abstract

One of the main experimental tools in probing the interactions between neurons has been the
measurement of the correlations in their activity. In general, however the interpretation of the
observed correlations is difficult, since the correlation between a pair of neurons is influenced not
only by the direct interaction between them but also by the dynamic state of the entire network
to which they belong. Thus, a comparison between the observed correlations and the predictions
from specific model networks is needed. In this paper we develop the theory of neuronal correlation
functions in large networks comprising of several highly connected subpopulations, and obeying
stochastic dynamic rules. When the networks are in asynchronous states, the cross-correlations are
relatively weak, i.e., their amplitude relative to that of the auto-correlations is of order of 1/N,
N being the size of the interacting populations. Using the weakness of the cross-correlations,
general equations which express the matrix of cross-correlations in terms of the mean neuronal
activities, and the effective interaction matriz are presented. The effective interactions are the
synaptic efficacies multiplied by the the gain of the postsynaptic neurons. The time-delayed cross-
correlation matrix can be expressed as a sum of exponentially decaying modes that correspond
to the (non-orthogonal) eigenvectors of the effective interaction matrix. The theory is extended
to networks with random connectivity, such as randomly dilute networks. This allows for the

comparison between the contribution from the internal common input and that from the direct



interactions to the correlations of monosynaptically coupled pairs. A closely related quantity
is the linear response of the neurons to external time-dependent perturbations. We derive the
form of the dynamic linear response function of neurons in the above architecture, in terms of
the eigenmodes of the effective interaction matrix. The behavior of the correlations and the
linear response when the system is near a bifurcation point is analyzed. Near a saddle-node
bifurcation the correlation matrix is dominated by a single slowly decaying critical mode. Near
a Hopf-bifurcation the correlations exhibit weakly damped sinusoidal oscillations. The general
theory is applied to the case of randomly dilute network consisting of excitatory and inhibitory
subpopulations, using parameters that mimic the local circuit of 1mm3 of rat neocortex. Both
the effect of dilution as well as the influence of a nearby bifurcation to an oscillatory states are

demonstrated.

1 Introduction

Cross-correlation (CC) measurements are among the major experimental tools for studying the
synaptic interactions between neurons. For review of the experimental methods and results see
refs. [1, 2]. Time-delayed CCs between proximal neurons often exhibit a pronounced delay, and are
usually interpreted as resulting from a direct interaction between the correlated pair. The majority of
CCs between distal neurons in cortex exhibit a ”central peak”. This has been taken as an indication
of the presence of a "common input” to both neurons, which synchronizes their activity. The origin
of this input is in general not known. While in some cases it may originate from other brain areas,
it is reasonable to expect that synaptic currents from the local circuits to which the two correlated
neurons belong, contribute significantly to their correlations. Thus, the correlations may be an
important tool in studying the cooperative dynamics of the local circuits in the cortex and other
neuronal systems.

Neuronal correlations serve as convenient measure of the temporal synchrony of the activities of
neurons. This synchrony may have important implications on the function of the network. First,
it affects the utility of using population codes to overcome the noise in the neural responses to
external stimuli [3, 4]. Moreover, the synchrony may be utilized to encode or transmit information,
as suggested by recent studies of spatiotemporal patterns of neuronal responses in olfactory[5, 6],
visual[7, 8, 9, 10], and association areas[2, 11] in cortex. Lastly, understanding of the correlations
in neuronal activity is important for uncovering some of the mechanisms underlying plasticity and

learning [12]. Unfortunately, very little is known theoretically about the properties of CCs in large



networks. Hence, the interpretation of the observed features of the CCs remains an open challenge,
and is the topic of this paper.

Another potentially important probe of the interactions in a neuronal network is the linear
response function, namely the change in the average firing rates due to a sufliciently weak externally
applied perturbation. Here again, the magnitude as well as the temporal evolution of the response
depend on the state of the network. Hence, it is important to understand the properties of linear
response functions in large networks.

Most of the theoretical studies of neural network models consider only average firing rates, where
the averaging is over time, over the stochastic noise, or over a population of neurons. In many highly
connected networks these averages obey relatively simple mean-field equations. However, to account
for the fluctuations about these averages, one must go beyond the mean-field equations. In this work
we develop the theory of the fluctuations in the neuronal activities and their correlations, in large
stochastic networks. We focus on network architectures that allow a mean field description of their
average activities. Specifically, we assume that the network comprises of several large, homogeneous
subpopulations, each consists of a significant fraction of the total number of neurons, N. Each neuron
is coupled to order N neighbors, hence the individual synaptic efficacies are weak, i.e., of order 1/N.
Other important restrictions of the present work are concerned with the dynamics. We assume that
the network obeys stochastic dynamic equations and that it is in an asynchronous state. Under the
above conditions we derive equations for the dynamic linear response and time-dependent correlation
functions. These expressions reveal the relationship between the correlations and the linear response
functions on one handside and the network connectivity and dynamical state on the other handside.
These results are extended to the case of networks with randomness in the connections. We apply
the general theory to a network composed of two subpopulations: excitatory neurons and inhibitory
ones. We calculate the time-delayed autocorrelation (AC) and CC functions using parameters that
represent the gross features of the local connectivity and the rest activity levels in the rat neocortex.
The effect of a proximity of a bifurcation to a synchronized oscillatory state, as well as the effect of
random dilution of the connections are elucidated.

The outline of the paper is as follows: In Section 2 we define asynchronous and synchronous
states in large neural networks, and discuss their implications. In Section 3, we define the stochastic
dynamics of the networks, describe the neuronal correlation functions, and present some of their
general properties. We then define the mean-field architecture which will be assumed in most of

this work. The mean-field equations for the noise- or population- averaged activities are derived in



Section 4. In Section 5 we derive the linear response of the average activities to a small change in the
external stimulus. In Section 6 explicit equations for the equal-time and time-delayed correlations
in these networks are derived. We also discuss briefly, the decomposition of an observed CC matrix.
The critical behavior of correlations and linear response near a bifurcation point is discussed in
Section 7. Section 8 extends the theory to include random connections. In Section 9 we apply the
general theory to a randomly diluted network composed of excitatory and inhibitory populations.
The results of the paper are discussed in Section 10. Preliminary results of part of the work has been

reported in Ref. [13].

2 Asynchronous states in large networks

In most of the interesting neural networks, the degree of connectivity is such that the overwhelming
majority of the neurons are interacting at least indirectly, the temporal fluctuations in their activity
will always be at least partially correlated. Nevertheless, in large networks there is a clear distinction
between synchronous and asynchronous dynamic states, according to the degree of synchrony in the
network. To make this distinction precise, one has to consider the behavior of the correlations as a
function of the size of the network. In a synchronous state, the CCs between a finite fraction of the
neurons in the network remain finite even in the limit of N — oo, N being the size of the network.
In an asynchronous state, the C'Cs between most of the pairs vanish in the limil of large N. Note
that the CCs are defined, so that they vanish for a pair of random uncorrelated variables, see Eq.
(3.5) below.

The amplitude of the CCs, in the asynchronous state, depends on the pattern of connectivity. In
networks with short-range interactions the CCs between neighboring pairs will be typically of order
1 even for large N. However, the magnitude of the CCs will fall-off with the distance between the
pair. In the most common cases this fall-off has a characteristic microscopic length £, beyond which

the correlations decay exponentially as
C(Rij) x exp(=Ri;/§) ,  Rij >> ¢ (2.1)

where R;; is the distance between the neurons 7 and j. The correlation length is much smaller
than the linear size of the system, L, implying that the CCs between most of the pairs, which are
separated by order L, is exponentially small in L. In certain stochastic models, the generic fall-off of
C(R) is only algebraic in R™!. Even in these cases, the CCs between neurons separated by R ~ L

is vanishingly small as L — oo.



In this work we consider highly connected networks, meaning that each neuron is connected
directly to a finite fraction of all the neurons in the network. In this case, the connections are
weak, typically of order 1/N. Otherwise, the total synaptic input to a neuron will drive it well
into saturation. The asynchronous states in such networks are characterized by CCs which are not

exponentially small but still vanish for large N. The generic scaling is

1
Coxw o N—oo (2.2)

Note that even in the asynchronous state, the CCs have significant or even dominant contributions
from indirect pathways between pairs. Still the scaling of all these contributions with NV is the same
as that of the direct connections. There are special circumstances in which the correlations are larger
than that of Eq. (2.2), even in asynchronous states. An example is the case where there is a precise
balance between positive and negative connections in the networks. Such is the case in infinite-range
spin-glasses [14] or in the Hopfield model of associative memory near saturation [15]. In these cases,

the connections and the CCs scale as

Cm\/%, N = o (2.3)

However, the mean-field theory of these networks, even for the average activities, is complicated, and
is outside the scope of the present work.

As stated above, synchronous states are characterized by CCs that remain of order 1 even in the
limit of large N. These strong correlations reflect the appearance of globally synchronized temporal
patterns. Note that the same system can switch from an asynchronous state to a synchronous one by
changing the value of one of its parameters. Synchronous states can appear in both short-range and
long-range systems. However, in large short-range systems, stable synchronous states are in most
cases periodic or quasiperiodic; stable chaotic synchronized states are rare [16, 17]. On the other
hand systems with long-range interactions can have periodic or chaotic synchronous states. The
nature of the correlations in synchronous states in fully connected networks are discussed elsewhere
[18].

The above characterization of asynchronous states is difficult to check in experimental systems,
since it requires reliable estimates of such parameters as the size of the network and the strength of
connections. An alternative characterization is based on the behavior of population averages. Let
us denote by z;(?) a local observable, e.g., the instantaneous rate of the ¢-th neuron. Let us suppose

that we can measure the mean of this quantity over a subpopulation of size K, where K << N,



yielding

Xk(t) = % Z z;(t) (2.4)

Asynchronous states can be distinguished from synchronous states according to the K dependence

of the variance of X,
A(K) = (Xk(t) = (Xk))?) (2.5)

where (...) denotes averaging over time. In asynchronous states the local variables are weakly corre-

lated hence

1
A]/r
(K)o 2

<< K (2.6)

On the other hand, in synchronous states A(K) = O(1) even for large K. The advantage of this
criterion is that it does not rely on the absolute scale of A, but on its dependence on K which, unlike
N, can be varied experimentally. The limitation of this criterion is that the sampling of the z;’s and
the value of K should be such that the sums are not dominated by unusually strongly correlated
variables. Also, the choice of the variable x; must be done with care in cases where destructive
interference between different types of neurons, which fluctuate out of phase from each other, is

likely to occur.

3 Model

3.1 Stochastic dynamics

The network consists of N model neurons, each of which can be in one of two states, denoted by
S = 0,1. These states correspond to the instantaneous firing rate of the neuron, defined by short-
time averaging of its spiking activity. Although the rates are in general analog variables, we assume
here for simplicity that they take two discrete values: a quiescent state (S = 0) and a saturation
rate (5 = 1). The neurons are assumed to be exposed to local noise resulting in stochastic dynamics
of their states. This dynamics is specified by transition probabilities per unit time (transition rates)
between the 0 and 1 states. The transition rates are functions of the local field and the stochastic
noise. The transition rates for the i-th neuron takes the form

w(Si— (1= 5)) = 5 (1- (25, — D(2g(h) — 1) (3.1)
where g(h) is a sigmoidal function of the local field h: it is monotonically increasing, differentiable

function obeying g(—o0) = 0, and g(+0o0) = 1. The constant 7y is a microscopic characteristic time,



presumably ranging between 5 — 10msec. The local field acting upon the i-th neuron at time ¢ is
N
hz(t) = Z JZ']'Sj(t) - 6; (3.2)
i=1

where J;; denotes the synaptic efficacy between the j-th presynaptic neuron and the i-th postsynaptic
one, and #; represents the local threshold. Throughout the work we will assume that there is no
self-coupling, i.e., that J;; = 0.

The above transition rates define a first order Markov process[19]. It can be described by the

following master equation for the probability to find the system in a state (51,...,5y) at time ¢

LP(S...Sn. )= =N w(S — (1-8))P(S1...5n,1)

(3.3)
+ N w((1—85) — S)P(S1..., 1= 8i,...5n,1) .

3.2 General equations for averages and correlations

Using the above Master equation, a hierarchy of equations for the time-evolution of moments of {5;}
can be derived in a manner similar to that used in models with thermal equilibrium [20, 21]. Here
we present the equations for the first and second moments. For derivation of these equations see

Appendix A. The noise-averages of the neuronal state variables obey the following equations

To%<5i(t)> = —(Si(1)) + {g(hi(1))) , 120 (3.4)

The correlation between the activities of two neurons is defined as
Cii(t,t4+ 1) = (65:(1)6S;(t+1)), 7>0 (3.5)
where 6.5;(t) = 5;(t) — (5:(¢)). The equal-time (7 = 0) correlations obey

TO%Cz'j(tat) = —2C3;(1,1) + (65i(1)og(h(1)) + (85;(1)6g(hi(1))) , >0 (3.6)

The time-delayed correlations obey the following equation

Tg%Cij(t,t + T) = —Cij(t,t + T) + <(5S¢(t)(5g(h]‘(t + T))> , 7>0 (3.7)

The equilibrium value of moments that depend on single time variable is defined by taking the
t — oo limit, which is equivalent to calculating moments of the equilibrium distribution P({S}, o).

Thus, the average activities obey at equilibrium

(9i) = (g(hi)) (3.8)



where the angular brackets mean average with the equilibrium distribution. Likewise, the equilibrium

value of the equal-time correlations, denoted as C;;(0) obey
2Ci(0) = (65:6g(h;)) + (65;69(hs)) (3.9)

The equilibrium value of the time-delayed correlations is defined by taking the limit ¢ — oo keeping

the delay time 7 finite. Thus, C;;(7) = lim;_.o, C;;(t,t + 7) obeys

4
dr

T0

C’Z']‘(T) = —CZ']'(T) + <6Si(t)(5g(h]‘(t + T))> , 7>0 (3.10)

which needs to be solved together with the initial condition given by C;;(0).

In general, the above equations cannot be solved exactly since their right-hand-side (RHS) in-
volves arbitrarily high order moments. Below we will specify a network architecture for which these
equations can be solved exactly in the limit of large networks, as we will show in Section 6. It is

instructive, however, to consider the simple case of two coupled neurons.

3.3 Correlations induced by a single connection

We consider the case of an isolated pair of neurons, say, 1 and 2, that are coupled by a connection
Jo1 = J from neuron 1 to neuron 2. The connection in the reverse direction, Ji3, is assumed to be

zero. Thus, the instantaneous local fields of the two neurons are
hi(t) = —64 (3.11)
ha(t) = JS1(t) — 62 (3.12)
We consider here only the equilibrium limit. The average activities are
(51) = g(—61) (3.13)

(S2) = (S1)Ag2 + g(—02) (3.14)

where Agy = g(J — 6;) — g(—63). In deriving these results, we have used Eq. (3.8) and the fact that
g(JS —80)=5g(J—0)+ (1 - 5)g(-0) (3.15)
The equal-time ACs, Cy;(0) = ((65;)?) are simply

Cii(0) = (S:)(1 = (53)) (3.16)






